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Chapter 1

Introduction

The Gartner-Ellis theorem is a useful theorem for the proof of the large deviation
principle. To employ the Géartner-Ellis theorem, we need to prove the existence
and the differentiability of logarithmic moment generating functions. For the exis-
tence of the logarithmic moment generating function of an additive functional with
bounded variation, it is enough to show the LP-independence of growth bounds of
the associated Feynman-Kac semigroup. We thus consider the LP-independence of
growth bounds of Feynman-Kac semigroups. Our main objective is to extend re-
sults in [39], [42] and [45] to more general Feynman-Kac semigroups by applying the
Donsker-Varadhan type large deviation theorem.

Let X be a locally compact separable metric space and m a positive Radon
measure on X with full support. Let M = (X, P,) be a conservative m-symmetric
Hunt process on X and make some assumptions on M (Assumptions (I)—(IV) in
Section 2.1). We denote by (N (z,dy), Hy) the Lévy system of M (see (2.3) below).
Let u be a signed smooth Radon measure on X in the class K, (Definition 2.1) and
F a symmetric function on X x X in the class J,, (Definition 2.2). We define an
additive functional A;(u+ F') by

A+ F) = A(p) + A(F) = A(p) + ) F(X-. X,).
0<s<t
Here, A;(y) is the continuous additive functional with the Revuz correspondence to
i (see (2.2) below). The second term A;(F) is the pure-jump additive functional
which varies when the Hunt process X; jumps on the support of F.. The additive
functional A;(u+ F) is quite general. In fact, it is known from a result due to Motoo

that if an additive functional is purely discontinuous and quasi-left-continuous, then
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it is of form A;(F') (Watanabe [47]). We formally define a Schrédinger type operator
by

HHf=Lf+puf+puFf, puFf= ( /X (e — 1) f(y)N(x, dy)) pp(d),

where L is the generator of Ml and py is the measure in the Revuz correspondence
to the positive continuous additive functional H;. We see that the semigroup p)' +
generated by HATF | pht = exp(tHPF), is expressed by the generalized Feynman-

Kac semigroup,
P f (@) = Ba [exp(Ad(p + F)) f(X0)].
We define the LP-growth bound of {p}’ +F}t>0 by

1
Ap(pt + F)= —tlggloglog ||pf+F||p7p 1 <p<oo,

where ||- ||, is the operator norm from LP(X;m) to LP(X;m). The LP-independence
is defined by
M+ F) =Xo(p+F), 1<Vp<oo

Now we can state the main theorem in this thesis as follows:

Theorem 1.1. Suppose that a Hunt process M satisfies Assumptions (I)-(IV) and
that for a measure p and a function F belong to the class Ko and the class Ju

respectively. Then, \,(u+ F') is independent of p if and only if Ao(pn+ F) < 0.

Theorem 1.1 says that the LP-independence is completely determined by the
L2-growth bound.

Takeda [39] proved this theorem for Feynman-Kac semigroups with local poten-
tial A;(p). We in [42] extended it to non-local Schrédinger operators whose principal
part is the fractional Laplacian, (1/2)(—A)%2, and we in [45] further extended it
to more general operators whose principal parts are generators of symmetric Hunt
processes. In those papers, the transience of Ml was assumed; however, in this thesis,
we deal with recurrent Hunt processes as well as transient ones.

Simon [33] first proved the LP-independence for classical Schrédinger operators
(1/2)A —V on RY. Sturm [35, 36] extended it to Schrodinger operators on Rieman-

nian manifolds. For the proof of the LP-independence, they used the heat kernel



estimates of Schrodinger operators. Our method in this thesis is completely differ-
ent from their methods in [33], [35] and [36]. The approach in this thesis is similar
to that in [39], [42] and [45]; we will use arguments in Donsker-Varadhan’s large de-
viation theory. Donsker and Varadhan [16, 18] proved the large deviation principle
for the occupation time. Kim [26] extended the lower bound estimate to symmetric
Markov processes with Feynman-Kac functionals exp(A;(u + F)) (Theorem 3.10).
However, he proved the upper bound estimate only for each compact set of the
space of probability measures. Hence we apply his theorem to an extended Markov
process. More precisely, we consider the Markov process on the one-point compact-
ification X, by making the adjoined point oo a trap, and use Kim’s upper bound
estimate for this extended Markov process. As a result, the rate function, say 1, Yt
is different from the original one. Indeed, I, u+F 1s a function on the space of proba-
bility measures on X, not on X. For the proof of the main theorem, it is necessary
to prove that the infimum of the extended I-function is equal to the infimum of
the original one. To this end, we show that I,,p(ds) = 0, that is, the contribu-
tion of adjoined point oo is null. For the proof of this fact, some properties of the
Feynman-Kac semigroup {p} +F}t>0 are necessary. In particular, the invariance of
Cu(X), P (CL (X)) C Cu(X), is crucial, where C,(X) is the space of uniformly
continuous bounded functions on X such that lim, .., f(x) exists. In addition, we
use the fact that the Feynman-Kac semigroup {p}’ +F}t>0 possesses the doubly Feller
property, that is, the strong Feller property, pi™" (B,(X)) € Cy(X), and the in-
variance of Cu, PP (C(X)) C Co(X). Here Cyo(X) is the space of continuous
functions on X vanishing at infinity. Chung in [13] introduced the notion of the
doubly Feller property and proved the stability of this property under transforms by
multiplicative functionals. Applying his result, we show the doubly Feller property
of {p}/ +F}t>0. For the proof of the invariance of C,(X), we find several properties
equivalent to the invariance of C,(X) (Proposition 2.1). It should be emphasized
that Proposition 2.1 is an extension of a relevant results due to Azencott [4], where
he treated diffusion processes. Moreover, the method for showing the properties of
Feynman-Kac semigroups is more general than that in [42]. Indeed, we in [42] used
the heat kernel estimate for the symmetric Lévy processes on R, due to Bass and

Levin [6]; if the Lévy measure of symmetric Lévy process process is equivalent to



that of the symmetric a-stable process, then the Lévy process has a continuous heat
kernel equivalent to the heat kernel of the symmetric a-stable process. This method
is not applicable for general Hunt processes treated in this thesis because we do not
know the heat kernel estimates of them.

In order to illustrate the power of our main theorem, we will consider, in Chapter
5, some examples of symmetric Markov processes: one-dimensional diffusion proc-
esses, time changed diffusion processes, symmetric a-stable processes, Brownian
motions on hyperbolic spaces and “a-stable processes” on hyperbolic spaces.

For one-dimensional diffusion processes on an interval of R, Takeda [41] proved
that if no boundaries of the interval are natural, then the LP-independence of A, (1)
holds and that if one of the boundaries of the interval is natural, then \,(u) is
independent of p if and only if A\y(x) < 0. In addition, Ogura, Tomisaki and Kaneko
[25] obtained a necessary and sufficient condition for A3(0) > 0. Combining these
results, we have a necessary and sufficient condition for the LP-independence in
terms of speed measures and scale functions. We next consider the diffusion process
with the generator (1/2)|z|*A. This process is also probabilistically constructed by
time change transform. Employing the result for one-dimensional diffusion processes
above, we show that the LP-independence of this process holds if and only if a # 2.
For the a-stable process on R?, we proved that for any p € Ko and any F' € Ja,
the Feynman-Kac semigroup {p}’ +F}t>0 has LP-independent growth bounds.

Let A be the Laplace-Beltrami operator on the hyperbolic space. It is well-
known that the spectral bounds of Laplace-Beltrami operator on the hyperbolic
space is equal to (d —1)?/8 (e.g. Davies [14]). Thus the growth bounds of the
Brownian semigroup is LP-dependent if d > 2. However, applying Lemma C.4, we
construct a positive measure p € Ko such that the growth bounds of (1/2)A — i
is LP-independent. Owing to results in McGillivray [29] and Okura [30], we can
prove that Assumptions (I)-(IV) are preserved under a certain subordination. In
particular, the main theorem is applicable for the a-stable process generated by
the fractional Laplace-Beltrami operator (1/2)(—A)®/2, because it is constructed by
the subordination of the Brownian motion. The L?-spectral bound of the a-stable
process is equal to (d — 1)%/2'7® by the spectral theorem, and consequently the

LP-independence does not hold. Nonetheless, we can construct a non-local potential



F € J such that A2(F) <0 (Lemma 5.7 and Lemma 5.8). We thus conclude that
the growth bounds of —(1/2)(=A)*/? — uyF is LP-independent, where py is the
Riemannian volume.

As mentioned above the LP-independence implies the existence of logarithmic
moment generating functions of additive functionals. For symmetric a-stable proc-
esses, the differentiability of moment generating function was proved in [44]. Com-
bining this result with the main theorem, we can derive the large deviation prin-
ciple of discontinuous additive functionals. In Appendix A, we make a comment
on this topic. We will in Appendix B give an application of the identification be-
tween I-functions and Schrodinger forms; we prove the existence of ground state
and establish the full large deviation principle for normalized symmetric Markov
processes. Theorem B.6 concerns large deviations from not invariant measures but
ground states of Schrodinger operators. In Appendix C, we make comments on time
change transform which are used to make some examples in Section 5.4.

We close the introduction with some words on notation. For a topological space
X, we use B(X) to denote the set of all Borel sets (or functions) on X. If C C B(X),
then C, (resp. C, ) denotes the set of bounded (resp. non-negative) functions in C.
For a set A C X, we denote by 14 the indicator function of A, by A€ the complement
of A and by A° the interior of A. For functions f and g, notation “f ~ ¢” means
that there exist constants ¢, > ¢; > 0 such that ¢;9 < f < 9. We use ¢, C, ..., etc

as positive constants which may be different at different occurrences.



Chapter 2

Preliminaries and Notations

In this chapter, we first review the general theory of Dirichlet forms, symmetric

Hunt processes and Feynman-Kac semigroups.

2.1 Dirichlet Forms and Symmetric Hunt Proc-
esses

Let X be a locally compact separable metric space and X, the one-point compacti-
fication of X with adjoined point co. Let m be a positive Radon measure on X with
full support. Let M = (Q, M, My, 6;, X;,P,, () be an m-symmetric, Hunt process
on X. Here, {M,} is the minimal (augmented) admissible filtration, 6;, t > 0 is the
shift operator satisfying X,(0;) = X,.; identically for s, > 0 and ( is the lifetime
of M, ( = inf{t > 0 : X; = oo}. Let us denote by {p;};~o the semigroup of M,

pof(r) = E.[f(Xy)].

Assumption 1. We impose the following conditions on the semigroup {p;}i~o of

the Hunt process M:

(I) (Trreducibility) If a Borel set A is pi-invariant, that is, for any f € L*(X;m)N
By(X) and any t > 0, p:(1af)(z) = 1a(z)pef(x) m-a.e. x, then A satisfies
either m(A) =0 or m(X \ A) = 0.

(IT) (Conservativeness) p;1 = 1.

(IIT) (Strong Feller Property) p;(By(X)) C Cp(X).



(IV) (Invariance of Coo(X)) pi(Coo(X)) C Cxo(X). Here, Co(X) is the space of

continuous functions on X vanishing at the infinity.

Remark 2.1. We see from Assumption (III) that the semigroup {p:}i~o admits an

integral kernel {p(t, z,y)}:~o With respect to the measure m.

Let {Gs}p=0 be the resolvent kernel defined by

Gola,y) = / e Op(t, e y)dt, B> 0.
0

If the Hunt process M is transient, then Go(z,y) < oo x # y. In this case, we simply
write G(z,y) for Go(z,y) and call it the Green function.

By the right continuity of sample paths of M, {p;};~0 can be extended to an
L*(X;m)-strongly continuous contraction semigroup, {7} };~o ([20, Lemma 1.4.3]).

Then the Dirichlet form (€, F) on L*(X;m) generated by M is defined by

1
F = {u € L*(X;m) : lim —(u — Tyu, )y, < oo},
t—0 t
. (2.1)
E(u,v) = limg(u — T, ), u,veEF,

t—0

where (u,v),, = [, u(z)v(z)m(dzr) is the inner product on L*(X;m). The Dirichlet
form (&€, F) is said to be regular if there exists a set C C F N Cy(X) such that C
is dense in F with respect to £ -norm and dense in Cy(X) with respect to uniform
norm. Here, Cy(X) is the space of continuous functions on X with compact support
and & (u, u) = E(u, u) + (u, u)m.

We define the (1-)capacity Cap associated with the Dirichlet form (&£,F) as
follows: for an open set O C X,

Cap(O) = inf{& (u,u) : u € F,u > 1, m-a.e. on O}
and for a Borel set A C X,
Cap(A) = inf{Cap(O) : O is open, O D A}.

Let A be a subset of X. A statement depending on =z € A is said to hold gq.e. on
A if there exists a set N C A of zero capacity such that the statement is true for

every x € A\ N. “q.e.” is an abbreviation of “quasi-everywhere”. A real valued



function u defined q.e. on X is said to be quasi continuous if for any € > 0 there
exists an open set G C X such that Cap(G) < € and u|x\¢ is finite and continuous.
Here, u|x\¢ denotes the restriction of u to X \ G. It follows from Assumption (IV)
that (£, F) is regular (Barlow, Bass, Kumagai and Teplyaev [5, Lemma 2.8]). Thus
each function u in F admits a quasi-continuous version u, that is, u = u m-a.e.
In the sequel, we always assume that every function v € F is represented by its
quasi-continuous version.

We call a Borel measure i on X smooth if it satisfies the following conditions:
(i) Cap(A) = 0 implies p(A) =0 for all A € B(X).

(ii) there exists an increasing sequence {F,} of closed sets such that u(F,) < oo

for all n and lim,,_,., Cap(K \ F,,) = 0 for any compact set K.

Let us call a family of extended real valued function {A;};>o on Q an additive

functional (AF in abbreviation) if the following conditions hold:
(i) Ai(+) is My-measurable for all £ > 0,

(i) there exists a set A € M, = 0 (Ui M) such that P,(A) =1, for all z € X,
A C A for all ¢ > 0, and for each w € A, A.(w) is a function satisfying:
Ay =0, Ai(w) < oo for t < ((w), As(w) = A¢(w) for t > 0, and Ays(w) =
Ay(w) + As(byw) for s,t > 0.

If an AF {A;}+>0 is positive and continuous with respect to t for each w € A, the
AF is called a positive continuous additive functional (PCAF in abbreviation).

By [20, Theorem 5.1.4], there exists a one-to-one correspondence between smooth
measures and PCAFs as follows: for each smooth measure p, there exists a unique
PCAF {A;}i>0 such that for any f € B, (X) and y-excessive function h (y > 0),
that is, e 7'p,h < h,

i B [ /0 tf(Xs)dAs} - /X F(@)h(@)u(dz). (2.2)

Here, Epn[f(X1)] = [y Eo[f(Xi)]h(2)m(dx). The equation (2.2) is called the Revuz
correspondence. We denote by A;(u) the PCAF of the smooth measure p. For a
signed smooth measure p = pu™ — p~, we define A;(u) = Ay(ut) — Ag(pn™).



Let N be a kernel on (X, B(Xy)) such that N(z,{z}) = 0 for any z € X
and H; a PCAF of M. The pair (N, H;) is said to be the Lévy system of M if for

any non-negative (X, x X, )-measurable function F' vanishing on the diagonal set

A ={(z,x):x € X}, it holds that
{/ / F(Xs,y)N(Xs, dy)dHs | , (2.3)

where X;_ = limg X,;. For the existence of the Lévy system, see Benveniste and

Jacod [7]. We remark that
t
—/ / F(Xs,y)N(Xs, dy)dH,
0 o

is a martingale additive functional. Moreover, for any additive functional A;(u +

E, | Y F(X.,X,)

0<s<t

F) = A(u)+ Ay(F), there exists a unique continuous additive functional A} (u+ F)
such that A;(u+F)—A} (u+F) is a martingale (see Rogers and Williams [31, Chapter
VI]). We call AY(u+ F) the dual predictable projection of Ay(u+ F). According to
(2.3), we see that

Af(p+ F) = / / F(X,,y)N(X,,y)dH,.

The regular Dirichlet form (€, F) is expressed by
E(u,v) =9 (u,v)
s ) = u)ele) — o) e ) + [ k)
XxX\A X
(Beurling-Deny formula ([20, Theorem 3.2.1])). The first term £(9) is called local part
of (£, F). £ is a symmetric Dirichlet form satisfying the strong local property, that

is, £ (u,v) = 0 for u,v € FNCy(X) such that u is constant on Supp[v]. In addition,

there exists uniquely a positive Radon measure ji(,y, u € F, satisfying
(0) 1
E (u, u) = §/L<u>(X).
If we introduce a bounded signed measure fi(y), u,v € F, by

Huw) = 5 (Bwro) = By = i) 5

N |



then,
(0) 1 X
9N u,v) = §:u<u,v>( ).

The second term is called the jumping part of (£,F). J is a symmetric positive
Radon measure on the product space X x X off the diagonal set A and called

Jumping measure. Using the Lévy system of M, we have the following expression:
1
J(dx,dy) = QN(x,dy)uH(dx),

where pp is the Revuz measure of the PCAF {H,;};>0 of the Lévy system. The
last term is called the killing part. k is a Radon measure on X and called killing

measure. Moreover, it is expressed as
k(dz) = N(z,00)uy(dx).

Remark 2.2. If the Hunt process M is conservative, then the Dirichlet form has no
killing part. Thus we may replace X, by X in the definition of Lévy system and
the corresponding Dirichlet form has following expression:

1

&) = g (X)+ 5 [ (0(e) = )N o, ).

2.2 Generalized Feynman-Kac Semigroups

In this section, we introduce classes of local and non-local potentials (Definitions
2.1 and 2.2) which play a crucial role in this thesis. We also consider properties of

Feynman-Kac semigroups associated with these potentials.

Definition 2.1 (Kato measure and Green tight measure). Suppose that p is a signed

smooth measure associated with the positive continuous additive functional A;(p).

(i) A smooth measure p is said to be the Kato measure (in notation, u € K) if

lim sup E, (4 ])] = 0.

—0zex

(ii)) A measure u € K is said to be the [5-Green tight measure (in notation, pu €
K.p) if for any € > 0 there exist a compact subset K and a positive constant

6 > 0 such that
sup / G, y) |l (dy) < e,

zeX

10



and for any Borel set B C K with |u|(B) < 4,

sup/BGﬂ(:E,y)lul(dy) <e

rzeX

For a positive measure p on X, denote

Gonlz) = /X G, y)p(dy).

We note that for any 8 > 0, Ko g = Koo Indeed, for a positive measure p on X,
let pge(-) = u(K°N-). Since by the resolvent equation

Gopxe = Gypxe + (v — B)GsGaypge, 0< B <7,

we have

v—0
o t THG’YMKC

We simply write Ko, for K1 and call a measure in K a Green tight measure.

o < HG’YH'KC

|G e 00"

v
oo = BHG%UKC

Moreover, if the Hunt process is transient, a measure p € Ky is called a Green

tight measure in the strict sense. We remark that Ko C Koo C K.

Definition 2.2 (Class J, Jw and Jx ). Let F' be a bounded measurable function
on X x X vanishing on the diagonal set. We say that F' belongs to the class J
(resp. joo; joo,(]) lf

purtde) = ([ Fla) V(o)) (i) € K Gosp. Koo o)

In the remainder of this thesis, we assume that F' is symmetric, F'(x,y) = F(y, z).
We write p + F € Koo + T if 1 € Koo and F € Jy. For p+ F € Ky + Joo, We
define the symmetric Dirichlet form (€, F) by

5F(“7 u) :g(C) <u7 U)

+%/XxX(“(‘T) — u(y))2e" YN (2, dy) g (dz) +/ u(z)?k(dr).

X

We set
Fl = €F — 1.

11



We easily see that the function F also belongs to the class J., and define another

bilinear form £+ by

EFE (u,u) = Ep(u,u) — </ u2d,u+/ u2dupl>
X X

— E(u,u) — (/X W2y

-/ Xu(x)u(ym(m,y)zvmdy)uH<dx>), ueF.

We see by Albeverio and Ma [2, Theorem 4.1] and [3, Proposition 3.3] that (E+TF F)
is a lower semi-bounded closed symmetric form. Denote by £ the self-adjoint
operator associated with (Ep, F) and H*T the self-adjoint operator associated with

(E#+F F). Then £F and H**F are formally written by
Ly ( 0w - 1@ RN G, dy>) pn ()
and
HAEf = £+ pB S + pf = £+ pVE + .

where

pnFf = ( / f(y)ﬂ(x,y)N(x,dy)) (),
pVEf = ( / F1<x,y>N<x,dy>) Fw)un(da).

Let {p/"""},0 be the L2-semigroup generated by H/™F: pftF = exp(tH#F). Then

the semigroup {p/* V.~ is expressed by

P f () = Balexp(Ag(i + F)) F(X0)],

where Ai(p+ F) = Ai(pn) + D gooay F(Xoo, X). In fact, for p+ F' € Koo + Joo
define a local martingale M, = A,(u + F1) — AY(u + Fy) where AY(u + FY) is the
dual predictable projection of A;(u + F}),

atGur ) = A+ [ ([ BCoN ) ai,

12



Then the Doléans-Dade exponential M} of M;, a unique solution of the stochastic

differential equation 7, =1 + fot Zs_dMy, is given by

M = T] (1 + AM,)exp(~AM,), AM, = M, — M,_

0<s<t

(cf. He, Wang and Yan [23, Theorem 9.39]). Noting that
AMS— = As(Fl) - As—(Fl) = Fl(Xs—a Xs)7

we have
M = exp(Ai(Fy) — AL(F) + Ai(F) — A(FY)
— exp(A(F) — AL(F).
The semigroup
T/ f(x) = B, [M{ 1(X0)]

is identical to the one generated by (€p, F) (Chen and Song [12, Theorem 4.8]). Let
(X;, PM) be the transformed process of M by M} PM(dw) = M} - P,(dw). We
then see from (2.4) that the transformed semigroup by the non-local Feynman-Kac
functional exp(A;(u + F)) is identical to the transformed semigroup of PM by the
local Feynman-Kac functional exp(A;(u) + AY(Fy)):

P (@) = Efexp( A+ F)) £(X0)]
— E.fexp(A(F) — AU(F) + ANR) + A) (X)) (25)
— EMexp(Au(p) + AL(F) f(X0)]

The next proposition is an extension of Proposition 3.1 in Azencott [4]. We state

the proposition in a complete way, while we only use a part of the statement.

Proposition 2.1. Let M be a Hunt process that possesses Assumptions (1) and (I11).

Then the following statements are equivalent:

(A) M possesses Assumption (IV), that is, fort >0 and f € Cyo(X),
lim p;f(z) =0.

(B) For >0 and f € Cy(X),

lim Gaf(x) = 0.

r—00
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(C) Fort >0 and a compact set K,

lim Py(ox < t) = 0.

r—00

(D) For 8 >0 and a compact set K,

lim E,[e#%] = 0.

Tr—00

Proof. (A) = (B): Let f be a strictly positive function in Coo(X). By Assumptions
(I) and (IV), Ggf is a strictly positive continuous function in Co(X).
(B) = (C): Put ¢ = inf,cx Gaf(z) > 0. Since for 5 > 0,

Bt
P.[ox <t] < e”E, [e 7] < %Egc (e 77X Gaf(Xop)]
and

E, [e 7 XGsf(Xoy)] = E, {G_BUKIEXUK { /0 T f(Xt)dtH

IN

B | [~ et < Garto)

K
we have the implication.

(C)=-(A): Let f be a non-negative function in C,,(X). By Assumption (III), we
have only to show that lim, .. p;f(z) = 0. For any € > 0, there exists a compact
set K such that f(x) < e for all z ¢ K. Then f(X}) < || fllocl{ox<ty + €l{ox>ty <
ool iy + . Thus,

pef () = Eo[f(Xy)] < [ fllooPalor <) + €.

(C) = (D): By the property (C), for any # > 0 and compact set K,
xh_)rrolo E,[ePox] = :ch—{go E.[e 7% ok < ]+ :ch_)rgo E.[e P75 0 > 1]
< lim Py (ox < t) + e lim P,(ox > t)
<ot o
By letting t — oo, we have the desired claim.

(D) = (C): This implication from that

E,[e ?7x] > Ez[e_’g”“l{gkgt}] > e PP, (0x < t).
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We will show some properties of the generalized Feynman-Kac semigroup {p}’ +F}t>0,
w4+ F € Ko + Jwo- Let A be a Borel set and o4 the first hitting time of A,
oa = inf{t > 0: X; € A}. To know properties of the generalized Feynman-Kac

semigroup {p}’ +F}t>0, we need next two important theorems.

Theorem 2.2 (Chung [13, Theorem 2|). Suppose that the Markov semigroup {p }+=0
possesses doubly Feller property (Assumptions (111) and (IV)). Assume that Ay(pn+
F) satisfies the following conditions:

(a) For somet >0,

sup sup E,[exp(A(u+ F))] < oo;
zeX 0<s<t

(b) for each t > 0, there exists a number o > 1 such that

sup E, [exp(aA;(p + F))] < o0
reX

(c) for each compact subset K C X, we have

tim sup E || exp(A, ( + F) — 1] = 0,

‘HOwEK
Then, pi™" (Coo(X)) € Coo(X) and pi ™" (By(X)) C Cy(X).

Theorem 2.3 (Generalized Khas’'minskii’s Lemma [48, Lemma 2.1 (a)]). Let u+F €
Koo + Tso- If supyex Ex[Ai(n+ F)] = X < 1, then for all z € X,

B, |40 T (14 AA(F)| < ——, AA(F) = A(F) — A, (F).

—1=XN
0<s<t
The following theorem is crucial to study the rate function defend in Chapter 3.
Theorem 2.4. Let p+ F € Koo + Js- Then the following assertions hold.
(i) There exist constants ¢ and k(pu + F') such that
pf | < ce" L1 < Vp < oo, >0,
Here, || - ||, means the operator norm from LP(X;m) to LP(X;m);

(ii) {pf+F}t>0 is a strongly continuous symmetric semigroup on L?(X;m) and the

closed form corresponding to {pi*" Visq is identical to (E¥TF | F);

15



(i) pf+F(Bb(X)) C Cy(X);
(iv) P (Coo(X)) C Coo(X);

(v) pHE(CL(X)) € Cu(X) and limg oo " f(2) = lim,_oo f(2), where Cy(X) is
the space of uniformly continuous bounded functions on X such thatlim,_ f(z)

exists.

Proof. The statements (i) and (ii) follow from results in Albeverio, Blanchard and
Ma [1, Theorem 4.1]. The statements (iii) and (iv), that is, the strong Feller property

and the invariance of Cso(X) of pi™ follow from Theorem 2.2. In fact, since

B[+ P =B [ + [ [ POGN GG d) ]

limg o sup,e x Ex [Ae(|pe| + [F])] = 0 by the definitions of Ko, Joo. We have

E, [exp(Ai(p + F))] = E, |exp <At(u) + > F(Xs_,XS))]

0<s<t

(2.6)

=E, |exp(Ai(p)) H exp(1 +F1(Xs_,Xs))] :

0<s<t

Furthermore, the Stieltjes exponential of A;(u + F}) is equal to

exp(A:(p)) H exp(1+ F1(X,—, Xy))

0<s<t

(cf. Sharpe [32, Section 71] and Ying [48]). Theorem 2.3 says that the right hand side
of (2.6) is less than or equal to (1 — sup,cx E.[A:(+ F1)])~*. Thus, the functional
exp(Ai(pn + F')) satisfies conditions (a)-(c) in Theorem 2.2. Hence we show (iii) and
(iv).

(v): Since f(x)—f(00) € Coo(X) and pi™" f(x) = pi™" (f ()= f(00))+f (00)pi T 1 (2),

it is enough to prove that

lim p"*tF1(x) = lim E, [exp(A¢(u+ F))] = 1.

r—00 r—00

For a non-negative u € K a non-negative F' € J,, and B € B(X), let ug(dzr) =
Ig(z)u(dr), Fg(z,y) = 1g(x)F(z,y), and A((n + F)p) = Ai(us) + A(Fp). We

16



then have for a compact set K C X,

E, [exp(Au(( & F)))] = Ex [exp(Au( (1 + F))); o > 1
+ By [exp(Au(p + F)x)); 0 < t]
— Pu(o > 1)+ E. [exp(Au( (4 + F)i))i ol <1].
Here, o) = inf{t > 0: X;,_ € K}. By Theorem A.2.3 in [20] and Proposition 2.1,
lim, o P.(0} >t) > lim, . P.(ocx >t) = 1. Since
B [exp(A((1n+ F) k)i ok < 1] < Eafexp(Ay (20 + F)x))]'*Pa(ofe < 1)'72,
we see
lim E, [exp(Ad((u + F)i)] = 1.

Moreover, using Theorem 2.3 again, we have

exp Ai(uxe) [] (1+ As(Frke))

0<s<t

sup E, [exp(A;((u + F)ke))] = sup E,
zeX rzeX

1
< .
T 1 —sup,ex Bo[Ad((1+ F1)ke)]
By the definition of Ky, and J, for any ¢ > 0 there exists a compact set K such
that

supE, [A{(-+ Fiie)) < sup [ Galr) -+ ) ()

zeX rzeX
< e.

We then have
lim sup E,[exp(A;(pn+ F))]

TP e X

< lim (B, fexp(2A4:((n + F)))]'? - Eolexp(2A (1 + F)e))]'?)

r—00

IN

lim (E,[exp(Ar (20 + 2F) )] /2 - Erlexp(Ar((20 + 2F) )] /2)

r—00

1.

IA

On the other hand,
liminf E, [exp(A;(p + F))] > liminf E,[exp(—A((n + F)7)]

T—00

> {nm sup E exp( A, (1 + F)‘)]}_l

T— 00

> 1.

17



Therefore, we can conclude that for any pu+ F € K + T,

lim E, [exp(A:(p+ F))] = 1.

T—00

18



Chapter 3

Donsker-Varadhan Type Large
Deviation Principle

In this chapter, we consider the asymptotic properties for generalized Feynman-Kac
semigroups. Although, we only use the upper bound estimate (Theorem 3.11) to
prove the main theorem, we give a proof of the lower bound estimate (Theorem
3.10) for completeness.

Let {RA} s iuer) be the resolvent of the generalized Schrodinger operator

HPTE | that is, for f € By(X),
RS = [ et
0

=E, {/000 exp(—at + A+ F)) f(Xy)dt| .
Here, k(p + F') is the constant in Theorem 2.4 (i). Set
DM = {6 = REFg - a > nlut F),g € L(X;m) 1 Gy(X), with g > 0}
For ¢ = RitEg € DL (HHHE), let
H* g =ad—g.

Let P(X) be the set of probability measures on X equipped with the weak topology.
We define the I-function I, r on P(X) by

Hu+F¢
[u+F< v) = ¢ep2m7£u oy

It is known in Takeda [37, Proposition 4.3] that
Iewsr(v) = I, 4p(v) for v e P(X)
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(see also Proposition B.3).
For ¢ € D% (HMF), let

=G (] o)

and put
M = exp(Ai(1) + Ai(F))$(X,) — d(Xo)

- /ot exp(Ay (1) + Ay (F)H" (X)) ds.

Then Mt¢ is a martingale with respect to P,. Indeed, E,[M?] = 0 and by the Markov
property,

Ex[Mi-t | M| = Mj + exp(As(p) + A(F))Ex, [Mtd)]
= M?.
Consequently, ¢(X;) — ¢(Xp) is a semi-martingale:

O(X1) — (Xo) = M+ NI

where Mt[d)] and Nt[d)] are the martingale part and the bounded variation part of
d(Xy) — ¢(Xo) respectively.

Lemma 3.1 ([26, Lemma 3.1]). M, can be written as
t t
M = / A=t gLl 4 / et az (¢, Fy),
0 0
where

Zt(¢a Fl) = Z ¢(XS)F1<XS—7 Xs) - /0 /ng(y)Fl(wa)N(Xsa dy)st

0<s<t

Proof. We apply 1t6’s formula ([23, Theorem 9.35]) to the semi-martingale ¢(X%),

e+ and the function G(z,y) = 2y. Since

deAt(lH_F) _ eAt(,u—i-F)dAt(lu) + eAtf(MJ'_F)dAt(FIL

20



we have

MING(X,) = 6(Xo) = G0, 6(X,)) = G(e™U ), 6(Xy))

/GAS (p+F) d¢ /(b deAt u+F)
0

/ eAs—(utF) dM[‘M _|_/ —(u+F) dN8[¢]
0

/ ¢ As(lH-F dA( )

+ / D(X,)ets= O GA (F).
0

(3.1)

Put Ay(¢, F1) = D g ey #(Xs)F1(Xs—, Xi). Then the dual predictable projection
Af(¢7 FI) of At((ba Fl) is

AP(6, Fy) = / /X N (X, dy)é(y) Fu(Xo,y)dH,

and Z;(¢, F1) = Ai(¢, F1) — AV (¢, Fy) is a martingale with respect to P, x € X.
Then the last term of the right hand side of (3.1) equals

t t
/ H(X, )M DA (Fy) = / AU GA (6, F)
0 0

t t
- / e gz (¢, Fy) + / eAs—(ntF) / N(X,,dy)o(y)Fi (X, y)dH,.
0 0 X
u

Define the local martingale Nf) by

dM 9
0o P(Xs)

and the multiplicative functional Lf by
L9 = eAitut) A2t 925 ( T +F¢ )

Theorem 3.2. LY satisfies
t
LY =1 +/ L? dN?,
0
that is, Lf is identical to the Doléans-Dade exponential of Nfs.
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Proof. See [20, Section 6.3]. O

Lemma 3.3. It holds that
X)) PR
E, At ) A (—/ X,)d )} <1
{6 d(Xo) P 0 ¢ (Xo)ds ) | <

Proof. Lf is a supermartingale multiplicative functional. Indeed, let K,, = {x € X :

¢(x) > 1/n}. We have

(o o ([ 200

¢
t HM+F¢
= exp (-/ T(Xu)dU) (d(eAt(H+F)¢(XS)) _ 6At(#+F)HN+F¢(XS)dS) )
0
For n € N,
tATh 1 s H'IH_Fd)
L¢T —1:/ ex <—/ X, du) de’, P,-a.e., xr € X,
S A To YA W S R

where 7,, = inf{t > 0: X; ¢ K¢}. Using Fatou’s lemma and the fact that L, is a
martingale,

E,[L{] < liminfE,[L¢,, ] = 1.

n—oo

We denote by M? = (Q, X;,P?) the transformed process of M by L:
PY(d) = LY(w) - Pu(de)
and by {p?}i~o the semigroup of M?.
Lemma 3.4. M? is a ¢>m-symmetric right process on X .

Proof. Since M? is a right process (see [32, Theorem 62.19]), we have only to show
the symmetry of M?. Let 7, be a reversal operator on €, that is,

{w((t —s)—) if0<s<t

w(0) if s > t.

ri(w)(s) =

Note that M is reversible under P% -a.e. w. Indeed, for any M;-measurable function

f
B[ f(re(-))] = Em[f ()]
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We have Ai(u + F)(rw) = A(p + F)(w), Pp-a.e. because of the fact that F' is
symmetric on X x X and Theorem 5.1.1 in [20]. Thus we have for f,g € B(X),

(pffv g)¢2m

_ (E_ [eut(w»Mexp (— /0 t H”+F¢(Xs)ds) f(Xt)} ,g)

¢(Xo) ¢ $2m
— B |08 S Xalg () exo (- | t Ml s
= (f,9{9)sm-
Hence the proof is complete. 0

Denote by (€%, F?) the Dirichlet form on L*(X; ¢?m) associated with M?.

Proposition 3.5 ([11, Theorem 2.6]). Suppose that p+F € Koo+ Too, then F C F?
and foru e F,

E7(u,u) = %/quQdmm
+ % /XxX\A(U(x) — u(y))2¢(x)¢(y)]\7(x, dy) g (dx).

Proposition 3.6 ([26, Proposition 3.2]). Let ¢ € DL(H**F). Then, 1 € F? and
£%(1,1) = 0.

Proposition 3.7. Suppose that m(X) < co. Let (€, F) be the Dirichlet form asso-
ciated with an m-symmetric right process Ml on X. If 1 € F and £(1,1) = 0, then

the following assertions are equivalent:
(i) The semigroup {p; =0 is irreducible (see Assumption (I)).
(ii) If f € F and E(f, f) =0, then f is constant m-a.e.
(iii) If f € L*(X;m) and p.f = f for allt > 0, then f is constant m-a.e.

Proof. (i) = (ii): We first note that if f € F and E(f, f) = 0, then f is p;-invariant.
Indeed, by the Cauchy-Schwarz inequality for the non-negative definite symmetric
form &£, we have £(f,g) = 0 and hence &,(f,g9) = a(f,g)m for any g € F and
a > 0. Since E,(Gof,9) = (f,9)m, we have aG,f = f. This implies p,f = f for
all t > 0. By the hypothesis, for any A € R, f — A € Fand E(f — A, f — ) = 0.
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Let ¢ (t) =tV 0, t € R, then @' is a normal contraction function. Thus f, =
eto(f—X) e Fand E(fr, fr) <E(f, f) =0. We have that fy is p;-invariant. We
put By = {r € E: fa(xr) = 0}, then p;(1pc fn) = p:(fn) = 0 m-a.e. on By. Then
B, is a pi-invariant set. Indeed, by the Markov property of p;, p;(1 Bslif>1 /my) =0
m-a.e. on By. Letting n — oo, we have 1g,pi(1p:) = 0, i.e. 1p,pi(1pgf) = 0 for
all f € L?*(X;m). Assumption (I) says that m(By) = 0 or m(B§) = 0. We define
Ao = sup{A : m(B)) = 0}, then we have that m(B,) # 0 for any A > Xo. This
implies m(BS) = 0. That is, m({f > A\}) = 0. On the other hand, for any A < A,
m(By =0) =01ie m({f < X})=0. Hence we have f = Ay m-a.e.

(ii) = (iii): Let f be a p-invariant function in L?(X;m). By the definition of
the Dirichlet form (see (2.1)), we have f € F and E(f, f) = 0.

(iii) = (i): Note that 1 € F C L*(X;m). Since £(1,1) =0,

1
0=~E(u,u) =sup—(1 —pel, 1),.
>0 t

We then have p;1 = 1. Hence for any pi-invariant set A € B(X), pila = Lapil = 14.
Thus m(A) = 0 or m(A°) = 0. O

Theorem 3.8 ([26, Lemma 3.1)). Assume the hypotheses in Theorem 3.7. Then, one
of the assertions in Theorem 3.7 is true if and only if Ml is ergodic, that is, if A € M°
is Os-invariant, (0;)"1(A) = A, then P,(A) =0 for allx € X or P,(Q\ A) =0 for
allx € X, where M° =o{X;:0<t < oo} forallx € X.

Theorem 3.9. The transformed process M? is ergodic.

Proof. Let A be a 6-invariant set. On account of positivity of LY, (E2, F?) is
irreducible. Therefore, it follows from Propositions 3.6 and 3.7 that ]IDiQm(A) =0
or PiQm(Q \ A) = 0. Remark 2.1 implies that M? also admits a transition density.
Hence we have P%(A) = 0 or P2(2\ A) = 0. O

Let L; be the occupation distribution, that is,

Lo(A) = % /0 a(X)ds, t>0.A4 € B(X) (3.2)

Then Lt S P(X)
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Define the function Ig.+r on P(X)by

Ievir(v) = {W Winvi) gv=7 dm

00 otherwise.

We now prove the lower bound estimate.

Theorem 3.10 ([26, Theorem 4.1]). For each open set G C P(X),
hmmf log]E lexp(Ai(u+ F)); Ly € G] > — igglwp(y). (3.3)

t—o00

Proof. Let G be an open subset of P(X) and ¢ = R f a positive function in
L*(X;m) N Cy(X) with ¢*dm € G. Then it holds that

E, [exp(A:(u+ F)) ; Ly € G

-1
—E, |:€At(N+F)Ht¢ (Hf) L, € G]

—1 —1
—EI[L,‘?(H?) ;LteG] {H ;LteG]

Y
exp <t ( /X PH*E pdm — )) P?(S(t,€)),

v

A%

||OO

Hu—i—F(b

:{wGQ:

le{weQ:lim—

(x)Ly(w, dx) — /X ¢H“+F¢dm‘ <€ Ly(w) € G} .

Let
t HM+F¢

t—o00

w))ds = /X (bH‘“Lngﬁdm} :

= {w € Q: Ly(w) weakly converges to ¢*dm as t — oo} .

We then have P%(€);) = 1, ¢*m-a.e. from the invariance of {; (i = 1, 2) and Theorem
3.9. Therefore lim; ., P2(S(t,€)) = 1 for all z € X. Consequently, we get
t—o00

1
lim inf — log]EI lexp(Ai(pn+ F)); Ly € G] > / dH" T pdm — €.
X

Since {¢ = R* g :g e L*(X;m)NCy(X),a > k(u+ F)} is a dense subset of F

with respect to the norm &' ¥ the proof is complete. O]
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We now prove the upper bound estimate by the same argument as in [17] and
[37]. Let

D, (H) ={p=R"Tg:a>k(u+F), g€ Cy(X) with g > Je > 0}.
Theorem 3.11 (Kim [26, Remark 4.1]). For each compact set K C P(X),
1
limsup —log E, [exp(A;(n+ F)); Ly € K] < — in}f{ Iewir (V).
ve

t—o0 t

Proof. Take ¢ € Dy (H*™F). Then, by Lemma 3.3,

e () [ 52 0) <

_At( o (o EHE g )1 o(x)
B _e e p( /o ¢ (Ko)ds )| < inf,ex ¢(z)

we have

Hence for any Borel set C' C P(X),

) 1 ) HM+F¢
lim sup " logE, [exp(Ai(n+ F)); Ly € C] < inf Sup/ 5 dv. (3.4)
b

t—o0 €D+ (HHTE) yeC
Let K be a compact set of P(X) and put

H’H_Fqb
[ = sup inf / dv.
veK ¢€Dy 4 (HH+F) [ @

Then for any v € K and any § > 0 there exists a function ¢, € D, (H**F) such

that o
o
/ H ¢y dv <1 +6.
X ¢l/

Since the function H**¥¢, /¢, is bounded and continuous on X, there exists a

neighborhood N (v) of v such that for A € N(v),

p+F
/ 0 d\ <[+ 20.
X ¢V

The set {N(v) : v € K} is an open covering of the compact set K. Hence there
exists v; € K,i=1,...,k with K C U N(1;), and for any 1 <14 < k,

p+F
sup / Malu <1+ 20.
X

VEN(Z/Z') 12
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Moreover,

p+F
max inf sup / H¢—§bwdy <[+ 2.
X Vi

L<i<k ¢eDi 4 (HAHE) Le N (1y)

Using (3.4), we have

1
lim sup i logE, [exp(Ai(n+ F)); Ly € K]

t—o0

1
< max lim sup i log E,[exp(Ai(pn+ F)); Ly € N

T 1<i<k t—o00

< max inf sup / ¢d”
1<i<k ¢eDypr (HHHF) yen, Jx @

<1+ 2.
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Chapter 4

LP-independence of Growth
Bounds

In this chapter, we prove the main theorem (Theorem 4.5). Let M be a Hunt process
satisfying Assumptions (I)—(IV). First, we extended of the Hunt process M and the
I-function.

We define the transition density p;(z, dy) on (Xoo, B(Xs)): for E € B(X),

_ pi(x, B\ {oo}), reX,
pt(x’ E) _ t( \ { })

doo(E), T = 00.
Let M be the Markov process on X, with transition probability p;(z, dy), that is,
an extension of Ml with co being a trap. Furthermore, for y+ F € Ky + Jo, We
denote the semigroup {7 },~o and the resolvent { RA+F Yasn(ut ) of M by

f( ) = [exp(At(u—i— ) (X)),
REHF f(z) = / e f(@)dt, | € By(Xoo).

Here, x(p + F) is the constant in Theorem 2.4 (i). Then RFHE f(x) = RAHE f(x) for
r € X and R*F f(00) = f(o0)/a. Set

Dy (HF)Y={p=R"""g:a>r(u+F),g e C(X,) with g > 0}.

We see that for ¢ = RFFH g € Dy (HATE), lim, oo ¢(2) = g(00)/a by Theorem 2.4
(v).

Let us define the function I, on P(X,.), the set of probability measures on

Xoo, by
Hu+F

far)== it / dv, veP(Xa),




where H*H ¢ = R g — g for ¢ = RF-EFg € Dy (H#F). We then have
r(6) = 0, (@)

because H"*F'¢(c0) = agp(co) — g(oo) = g(00) — g(00) = 0 for any ¢ € D, (H'+F).
Note that P(Xw) \ {0} and (0,1] x P(X) are in one-to-one correspondence
through the map:

v € P(Xo) \ 0} — (W(X), () = () W(X)) € (0,1] x P(X).  (42)
Lemma 4.1. Forv € P(Xx) \ {0},
Lk (V) = Livr(v) = v(X) - Lewsr (D).

Proof. For ¢ = RMFg € D,y (HAHE), HHE ¢(00) = 0 and HATF ¢(z) = HF ()
for x € X. Hence for v € P(X),

_ HM+F¢
Tr() ==l |
H’H_ng
= inf

¢€D++ (HHFE)

b w(X) / H“;F%a
X

¢ED 44 (HHHE)

= Z/(X) . ]gu+F(17).

O
We have the next equality through the one-to-one map (4.2).
VGP()}?S\{%O} TMJFF(V) - O<9§1i,r;£73(X) <0[g#+F (V>>
Moreover, I, r(6x) = 0 by Lemma 4.1. Hence we have the next corollary.
Corollary 4.2.
inf I, p(v)= inf (0lgu+r(v)) = inf (0 inf Ieurr(v)). (4.3)

VEP(Xoo) 0<6<1,veP(X) 0<6<1" veP(X)

Let us denote by ||pf"||,,,, the operator norm of p/** from L?(X;m) to LP(X;m),
and define
M+ F) = —tlim log 1Pt ppy 1< p < oo

We then have:
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Corollary 4.3. For p+ F € Koo + Joo,

Aoo(pt + F) > inf («9 inf Ing(V)) = inf (O\(p+ F)). (4.4)

T 0<h<1 veP(X) 0<60<1

Proof. By the positivity of pit*,

sup B, [exp(A; (1 + F))] = sup i 1(z) = [|p} ™" [l oo,00-
zeX zeX

We thus see that

1
lim —logsup E, [exp(Ai(n+ F))] = —Aoo(pt + F).

t—0o0 zeX

Hence we have the first inequality in (4.4) by Theorem 3.11 and the equation (4.3).
By the spectral theorem, \y(pn + F') is identical to the bottom of the spectrum

of —H**¥ and by the variational formula for the bottom of spectrum

Xo(p+ F) = Veig(fx) Tewir (V).

Therefore we have the second equality in (4.4). O
If Ao(pp + F) <0, then infocp<1 (0N2(p + F)) = Ao(p + F'). Hence we have:

Corollary 4.4. If \o(u+ F) <0, then
Aoo(pt + F) > Xo(p + F).
The inequality, A\o(p + F) > Aot + F'), generally holds. Indeed, by Schwarz’s
inequality,
o f(w) = Eolexp(Au(p+ F)) f(X))]
< (Balexp(Ai(p + F) (X)) - (Eoloxp(Ae(u + F))])2.

Hence we see

ot A1 < I () sup B [exp(Ay(p + 1)

F
< | Flz sup 19 11 oo
zeX

The last inequality follows from the fact that, by the symmetry and the positivity

p+F
Of pt )

o™ ()1 = /Xf(m)Q(pé”Fl(fﬂ))m(dﬂf) g (VA T [
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We then have ||pt (|20 < 907" ||so.0- Thus,

1P 2z < 1pE i < 1PE " Nloooor 1< ¥ < 00,

by the Riesz-Thorin interpolation theorem. Therefore, we can conclude that
Xo(p+F)<0= \(u+F)=X(u+F), 1<Vp<oo.

We would like to remark that the inequality Aa(p+ F) > Moo (pu+ F') follows from
Theorem 3.10.

We now state the main theorem.

Theorem 4.5. Let u+F € Koo+ Too. Then Ao(p+F) = N (u+F) foralll <p < oo
if and only if \o(pn+ F) < 0. In particular, if \o(pn+ F) > 0, then A\oo(p + F) = 0.

Proof. We have already proved the “if” part. To prove that “only if” part, suppose
that Ao(p+ F') > 0. Then

> 1 i u = 1 =
Aoo(pt + F) > oé%;eyel%l&) Ieuir (V) 0%%210()\2(#—% F))=0

by Corollary 4.3. Then it is enough to prove A (x + F') < 0. By Theorem 2.4 (v),

lim, oo p{ 7" 1(x) = 1, which implies that [|pf™||sc.co > 1. Hence,

1
~Aso(pp+ F) = lim —log |p}™ Jloc.00 > 0.
O

Corollary 4.6. Suppose that the Hunt process M is transient. If Ao(0) = 0, then
the growth bound of the Feynman-Kac semigroup {pf+F}t>0 is LP-independent for

any p+F € Koo + T0-

Proof. The boundedness of F' implies that there exists a constant C’ such that
Er(u,u) < C'E(u,u) for all u € F. Consequently, we have

EME (u,u) = Ep(u,u) — (/ w?dpp, +/ u2d,u)
X X

< C'E(u,u) — (/ udpp, +/ u2d,u) .
X X
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Hence to show that A\o(p + F') < 0, it is enough to prove that A\y(p) < 0 for any
i € Kooo. To this end, we have only to prove that for any positive p € K o,

Ao(p) = inf {E(u,u) +/ wdp v € F, ||ulls = 1} =0.
b
We see from [34, Theorem 3.1}, for any u € F such that |jull; = 1,

/ Pdp < (|Gl o (u, ),
X

and thus
o) < (S(u,u) —i—/ uzdu> < (14 ||Gpllso) E(u,u).
be
Take a minimizing sequence {u,} of F, ie., ||uyll2 = 1 and lim, o E(Up, uy) =
A2(0) = 0, we have the desired claim. O

For a compact set K C X, define the subspace Fg of F by
Fre={ueF:u=0qe on K}.

Then, identifying the space L%.(X;m) = {u € L*(X;m) : u = 0 m-a.e. on K}
with L?(K¢m), we see that (£, Fge) is regarded as a regular Dirichlet form on
L*(K*;m). The Dirichlet form (€, Fg-) is said to be the part of the Dirichlet form

(€, F) on the open set K°. Denote by Lx the self-adjoint operator associated with
(&, Fke).

Remark 4.1. Let o(Lk) be the spectrum of L. Assume that for any compact set
K,
info(Lk) =0. (4.5)

Then, Corollary 4.6 holds without the transience condition. Indeed, we have for

/’l’ E ’COCM
palp) = int {€u.a) + [ s e 7 ul =1}
X
<t e+ [ e el =1},
X

we have from the assumption, the right hand side equals

inf {/ widpge s u € Fie, ||ulls = 1}
X
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(nre(-) = p(IK°N-)). Since [y w?dpge < |Gipige|loo - E1(u, u), the right hand side
tends to zero as K T X. We see that the assumption (4.5) is fulfilled for spatially

homogeneous symmetric Lévy processes.

Let us consider a spatially homogeneous symmetric Lévy process with Lévy
measure J. The Lévy measure J is said to be exponentially localized if there exists

a positive constant ¢ such that

/ g (dr) < oo. (4.6)
lz|>1

For example, the Lévy measure of the relativistic Schrodinger process, the symmetric
Lévy process generated by v/—A +m2—m, m > 0, satisfies (4.6) (Carmona, Master
and Simon [8]). Assuming that J is exponentially localized we can prove in the
same way as in [37] that if g + F belongs to the class K + 7, then A\, (1 + F) is
independent of p. The Lévy measure of the symmetric a-stable process on R? is
(K (d,a)/ |x\d+a) dz, and is not exponentially localized. This is the reason why we

need to restrict the class of potentials to Ko + Joo-
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Chapter 5

Examples

In this chapter, to illustrate the power of our main theorem, we apply Theorem 4.5 to
some examples of symmetric Hunt processes; for one-dimensional diffusion processes
we can obtain a necessary and sufficient condition for the LP-independence. It is
known that the bottom of L?-spectrum of the Brownian motion (or “the a-stable
process”) on hyperbolic space is strictly positive, and thus the growth bound depend
on p; however, by adding a suitable potential to the Laplace-Beltrami operator, we

can construct a Feynman-Kac semigroup satisfying the LP-independence.

5.1 One-Dimensional Diffusion Processes

Let s(z) be a strictly increasing continuous function on (rg,r;) and m(z) a strictly

increasing right-continuous function m(x) on (ro,71). We define

) — i L)~ @) i L@ = S @)
D} f(a) = lim DO Duf() = fim

provided the limits exist. We consider the LP-independence of one-dimensional dif-
fusion processes. Let I = (rg,r1), —00 < 19 < ¢ < r; < 00, be an interval in R

generated by D, Df.

Definition 5.1 (Feller’s boundary classification (It6 and McKean [24, p.108] or
Mandl [28, pp.24-25])). Let

oo = [ ([ o)) ast). o= [ ([ aste)) amo

We call
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(i) 7; a regular boundary if p < oo, o < o0,
(ii) 7; an exit boundary if p < 0o, 0 = 0,
(iii) r; an entrance boundary if p = 0o, o < 00,
(iv) 7; a natural boundary if p = 0o, 0 = 0.
As a typical example, let us consider a one-dimensional differential operator

d? b d

A= a(x)@ + (@@

on I. Here, a(z) and b(x) are strictly positive continuous functions on I and a(x) is

strictly positive on 1. We set

B - [ “b(y)aly) " dy,

dm(z) = a(x)eP@dz, ds(z) = e P@dx,
d d

=Dp, ———

dm(x) ds(z)

= D,.

Then the operator A is expressed by

d d
A= a(x)e’B(x)% (eB(”)%> = D,,D;.

The Dirichlet form on L?(I;m) generated by M is written as

E(u,v) = —/ D,,Dfu-vdm = / Dfu(z) - Dfv(x)ds(x).

0 0

We denote by M = (P,, X;) be the minimal diffusion process generated by D,,,D}.

Theorem 5.1 (Takeda [41, Theorem 5.1]). Let u € K. If no boundaries are
natural, then \,(p) is independent of p. If one of the boundaries is natural, the
diffusion process satisfies Assumptions (I)~(IV), that is, A\,(p) is independent of p
if and only if Ao(p) < 0.

We consider the diffusion process on I generated by D,,Df. We define an in-
creasing right-continuous function m(z) by m(z) = m(s~*(z)) and hereafter write

m for m and s(x) for .
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For a fixed ¢ € [rg, r1], define

Ag(m;c) = sup (v —ro)m((z,c]),

z€(ro,c)

Ai(m;e) = es(up )(Tl —xz)m((c, x]).

Theorem 5.2 (Kaneko, Ogura and Tomisaki [25, Theorem 2]). A2(0) > 0 if and

only if Ag(m;c) < oo and Ay(m;c) < oo.

On account of Theorem 4.5, Theorem 5.1 and Theorem 5.2, we have the following

theorem:

Theorem 5.3. Let M be a diffusion process on an interval I = (ro,r1). Then the
growth bounds of the Markov semigroup is LP-independent if and only if one of the
following conditions is fulfilled:

(i) no boundaries are natural,

(i) of r; is natural, then A;(m;c) = co.

5.2 Time Changed Diffusion Processes

Applying the results in the previous section, we prove the LP-independence for multi-
dimensional diffusion processes.
For a > 0, we define the function
1, lz| < 1,

1
Tz
Let M be a diffusion process on R? (d > 3) with the corresponding Dirichlet form
(&, F) on L*(R%; padz) defined by

E(u,v) = %/Rd(Vu -Vu)dz,

1/2

F = G Haesn)
Let (By,P,) be the d-dimensional Brownian motion and define

t
Ato‘:/ pa(Bs)ds.
0

Then the diffusion process M is the time changed process of the Brownian motion
by the PCAF Ay,
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Theorem 5.4. The LP-independence of growth bounds of the Markov semigroup of
M holds if and only if o # 2.

This theorem tells us that for Markov semigroups, the LP-independence holds
quite generally. Making use of the rotation invariance of p,, we may consider the

one-dimensional diffusion process M on [0, 00) generated by

R (0<r<1), )1 0<r<1),
dm(r) = {rd_“_ldr, (1<), ds(r) = {rl_ddr, (1<r). (5.1)

Thus, the corresponding Dirichlet form on L?([0, 00); m) is

E(u,v) = /000 d—Ud—vds (5.2)

Theorem 5.5. Let My be the diffusion process on [0, 00) generated by D,,, D} defined

as above. Then we have:

(i) 0 is a regular boundary.
(ii) If d < «, then oo is a regular boundary.
(ili) If2 < a < d, then oo is an exit boundary.

(iv) If a < 2, then oo is a natural boundary.

Proof. (i): p(0) < oo and ¢(0) < oo follow from the definitions of m and s.

(ii)—(iv): Because of

o) = [ ([ dmte) st ~ [T =, wsa o

hence we have p(co) < oo if and only if & > 2 and d > 2. On the other hand,

o) = [*( [ aste)aminy ~ [ =y, wso o

we thus have o(00) < oo if and only if @ > 2 and o > d. Consequently, we have the

desired claim. O

Theorem 5.5 says that no boundaries are natural if & > 2. Moreover, Theorem
5.1 says that if & > 2, then the LP-independence holds and that if & < 2, then M
satisfies Assumptions (I)—(IV). By the same way as in the proof of Example 5.6 in
[37], L2-spectral bounds of the Markov semigroup of M is equal to zero if and only

if @ < 2. Thus we have the assertion of Theorem 5.4.
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5.3 «a-Stable Processes on Euclidean Spaces

Let M = (X;,P,) be the symmetric a-stable process on R? (0 < o < 2), the pure
jump process generated by %(—A)a/? Let (£, F(®)) be the symmetric Dirichlet
form generated by M = (X, P,):

£ (u, v) = K(czl, ) //Rdmd\A (u(z) —u(y))(v(x) — v(y))dxdy’

|z —y| T+
o) _ ay . (u(x) — u(y))®
_7:()_{UGLQ(R).//RdXRd\A P—rE dxdy < oo ¢,
where F(dia
K(d,«a) = ol(57)

 2l-agd/2D(1 — 2)°
Theorem 5.6. Let p+ F € Ko + Joo- Then

M+ F) = da(p+ F), 1< Vp < oo,

Proof. Noting that the a-stable process satisfies Assumptions (I)-(IV). Thus, on

account of Remark 4.1, we have this theorem. O

5.4 Brownian Motions and “a-Stable Processes”
on Hyperbolic Spaces

In this section, we consider Brownian motions and “a-stable processes” on hyper-
bolic spaces generated by subordination procedure (Section C.2).
Let H? be the hyperbolic space of dimension d (d > 2) with volume element v,

that is,
{Hd:{x:(y,z) cy € R™ and 0 < 2 < o0},

v(dr) = 27 2dydz.
The Laplace-Beltrami operator A is given by

0? 0
_ 2 _ _ _
A=z (Ay + 822) (d 2)282,

where A, denotes the Euclidean Laplacian on R%!. Let M be the Brownian motion

on H¢ with the Dirichlet form (&, F):
1 o0
E(u,u) = 5/ (Vu, Vu)dv :/ M(Eyu,u), ue€F, (5.3)
H 0
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where F is the closure of C§°(H?) with respect to the norm, & (-,-)"/? = (£(-,-) +
(-,-))Y2. Then, we can apply Theorem 4.5 to the Brownian motion. Indeed, we
see from Example 3.3 in Grigor'yan [21], it is transient and satisfies Assumption
(IT). Assumptions (I), (III) and (IV) are also fulfilled (see [14]). In fact, an explicit
expression of the corresponding transition density p(¢,z,y) is known (Grigor’yan
and Noguchi [22, Theorem 1.1]): if d = 2m + 1, then

(_1)m 1 ( 1 9 )me—mzt—p2/4t’

omam (47t)1/2 \ sinhr or

pt,x,y) =

and if d = 2m + 2, then

(_1>m+5/2

_\74) T 3/2 —(2m+1)%t/4 Lg "
p(t,z,y) = 2m+3/2ﬂ-mt € <sinhr87“)

X / h se”" ds
. (coshs —coshr)l/2""
where r = |x — y|. We can check Assumptions (I), (III) and (IV) directly using this
expression.
We further construct examples of Feynman-Kac semigroups with the LP-inde-

pendence.

Example 5.1. Let M be the Brownian motion on H? whose Dirichlet form is defined

in (5.3). It is known in [14, p.177] that

2o (0) :inf{E(u,u) cue f,/u%zv _ 1} _ % <(dg 1>>2 S0 (5.4

On the other hand, A (0) = 0 because of the conservativeness of the Brownian

motion. Hence the LP-independence does not hold. Let p be in Iy, such that > 0
and p # 0. Lemma C.4 yields that

inf{ge“(u,u):uef, u2dv:1} <0
Hd
for sufficiently large . We can conclude that the LP-independence holds for large 6.

Next two lemmas are used to show that it is possible to make A\y(F) less than
or equal to zero by adding a non-local potential F'. It is not trivial. Indeed, Ao(6F)
does not always become small even if we take a large 6, because 6 appear in two

terms of the corresponding Schrodinger form:

E°F () = /H () = ) P N dypn(d) / w(e)dyior.

Hd
If & becomes larger, then the first term becomes larger.
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Lemma 5.7. If

inf {E(U,u) cu € F, w(x)u(y)Fi(z,y)N(z, dy)py(dz) = 1} <1,

XxX

then
inf {EF (u,u) s uw € F,|lulls =1} <0.

Proof. Take a function ¢ in F satisfying £(¢, ¢) < 1 and
| oo P )N, dypun(dn) = 1.
XxX

Let ¢ = ¢/||#]|2. Then we have

EN(W, ) = E(W, ) — (@)Y (y) Fi(z,y)N (2, dy) pa (dx)

XxX

= ol (g(¢’ ?) -

» <x>¢<y>ﬂ<x,y>N<x,dy>uH<dx>) <0,

[]

Lemma 5.8. Let F' € J,, with F >0 and F £ 0, and define FY = " — 1. Then
there exists uw € F such that

E(u,u) <1 and /X Xu(x)u(y)Ff(x,y)N(x,dy)uH(dx) =1 (5.5)

for a sufficiently large 6.

Proof. Take a non-negative function v in F such that

/ o(@)o(y) Fa(z, 4)N (2, dy)us (dr) = 1.

Let

Jo(@)v(y) FY (z,y)N (z, dy)py (dx)

Obviously, k(6) — 0 as # — oco. Thus the function u defined by u = \/k(6)v satisfies
(5.5) for a sufficiently large 6. O
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Example 5.2. Let M(® be a Hunt process defined by the arguments in Section C.2.
Proposition C.5 enable us to we can apply Theorem 4.5 to M(®). We see from (5.4)

and (C.1),
inf {S(Q)(u,u) Tu € f(a),/UQdU = 1} = % ((d; 1)) :

Hence the LP-independence does not hold. Let F' be in J, such that FF > 0 and
F # 0. Lemmas 5.7 and 5.8 yield that

inf {S(O‘)’GF(U,U) Tu € F(a),/

Hd

quvzl} <0

for sufficiently large 6. We can conclude that A\,(6F) is independent of p for large 6.
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Appendix A

Large Deviation Principles for
Discontinuous Additive
Functionals

The symmetric a-stable process is a typical example of pure-jump processes. In this
chapter, we study further some properties of the process . In the first section, we
give an alternative proof of Theorem 2.4 by using these properties. As stated in
Introduction, large deviations for additive functionals motivate us to show the LP-
independence of growth bounds of Feynman-Kac semigroups. In the second section,
we study large deviations for purely discontinuous additive functionals of symmetric

a-stable processes.

A.1 An Alternative Proof of Theorem 2.4

We give an alternative proof of Theorem 2.4 for symmetric a-stable processes. We
will use the heat kernel estimates of a-stable processes due to Bass and Levin [6]
and Komatsu [27]. This method enables us to reduce general non-local potentials
to local potentials.

Let M = (X;,P,) (0 < a < 2) be the symmetric a-stable process on R? with
the Dirichlet form (£, F(®)). We recall that the Doléans-Dade exponential M of
M, = Ay(Fy) — AY(F}) is expressed by

M = exp(A(F1) — A{(Fy) + A(F) — A(F))
= exp(A(F) — A{(F1)).
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We define the semigroup TF f(z) = E,[M]} f(X;)]. The corresponding symmetric

Dirichlet form & l(pa) is defined as follows:

o K(d,a) (u(z) — u(y))’
() _ ) F(z,
B e

Note that the jumping measure e @¥) N (z,y) of (6'](;0‘), F@)) is equivalent with that
of (£, F(@) because of the boundedness of F. We then see from [6] and [27] that
TF has a continuous integral kernel T (t, z,y) € C([0,00) x R? x R?) with

1 t 1 t
Ch (W A ) < TF<t7.§L’,y> < O <% A\ > . (Al)

|z — ] |z — ]
Theorem A.1. Let F € J,. Then the semigroup {T} }i~o satisfies Assumptions
(D—1V).

Proof. The estimate (A.1) imply the invariance of Cy, (R?) and the irreducibility. We
show the conservativeness of {T/" };~o. Let {6,,}°°_, be a sequence of non-negative
functions such that d,, € C°(R?), [dndz = 1 and Supp[d,,] € (—m™,m™)¢ for
all m > 1. We set

bntan) = [ M5, (@ = 6,0~ midedn

and define

Emlu,u) = w //Rd . (u(x) = u(y))*km(r,y) dedy, u € F.

|l’ — y|d+a

Let us denote by T,,(t,z,y) the continuous integral kernel of the Dirichlet form
(Em, F). Then, noting that

inf e’ @Y) < (2, y) < sup el @Y for all m,
T,y Ty

we have from (A.1) that
1 t 1 t
(A —— ) <Tht,a,y) <Co [ - A —— .
1<W“ m—m>— ()= 2QM*|x—m>
Moreover, we see from [27] that {T,,(¢,z,y)}m is equi-continuous on any compact

subset of (0,00) x R? x R% By the Ascoli-Arzela theorem, choosing a subsequence

if necessary, we may suppose that {T},(t,z,y) },» converges to a function T (¢, z, y)
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locally uniformly on (0,00) x R* x R%. Note that [o, Tn(t, 2, y)dy = 1 for any ¢ > 0,
z € RY and m > 1. Then we have 1 = lim,, oo [ Tn(t, 2, y)dy = [TF(t,z,y)dy
because for any € > 0, ¢t > 0 and x € R? there exists R > 0 such that

sup/ Tn(t, m,y)dy < ¢
{ly/>R)

m

by Theorem 3 in [27]. We can show the strong Feller property of {T}}'},~o by exactly
the same way as that in Davies [14, Corollary 5.2.7]. In fact, for each f € By(R?)
and any xy € R,

fimint [ 77z, % S0y = [ [ T (0 f0)y

T—x0

by Fatou’s lemma and the conservativeness of {T} };~o. Hence T} f is bounded lower

and upper semicontinuous. ]
The following theorem is the main part of Theorem 2.4.

Theorem A.2 ([39, Theorem 2.1]). Suppose that a Hunt process satisfies Assump-
tions (I)~(IV) and a signed measure u belongs to K. Then the Feynman-Kac

semigroup {p} }i=o satisfies all properties in Theorem 2.4.

We now turn to the alternative proof of Theorem 2.4.

An Alternative Proof of Theorem 2.4. Theorem A.1 says that the semigroup {7/ };~0
satisfies Assumptions (I)-(IV). Using the inequality (A.1), the resolvent of the
Dirichlet form (Séa),]-" (@)) is also equivalent to one of the original Dirichlet form
(£ F@)). Hence the class Ko (resp. Koop) of (€I(f), F@)) is the same of the orig-
inal Dirichlet form. Hence, u + pug, belongs to Ko of (Ej(pa), F@)) and Theorem A.2
is applicable for pu + pp and (Ep, F). O

A.2 A Large Deviation Principle for Discontinu-
ous Additive Functionals

The LP-independence implies the existence of the logarithmic moment generating
function of A;(n + F). Hence for the application of the Gértner-Ellis theorem,

it is necessary to show the differentiability of the logarithmic moment generating

44



function. For symmetric a-stable processes, we know in [44] that the logarithmic
moment generating function is differentiable. As a result, we can establish the large
deviation principle of A;(F"). In this section, we explain this topic.

We define a new class A, of non-local potentials F.

Definition A.1. A function F' € J is said to be in the class A, if for any € > 0
there exist a Borel set K of finite jp-measure and a constant ¢ > 0 such that for

any measurable set B C K with pp(B) <6,

G G
sup // (33, y) (Z, w) |F(y, z)|N($, y)dzdy <e.
wajerixria S J\px sy Gl w)

Let F be a positive symmetric bounded function on R? x R?\ A in A,. We
recall the symmetric closed form (£9F F(®)) by

E (u,v) = @ (u,v) — // u(z)v(y) (eGF(”’) — 1) N(z,y)dzdy, 0 €R,
R xRINA

where

K(d,a)

N(%y):m-

Then its associated self-adjoint operator H%" is formally written by

HOT @) = 5812 = [ ) (7 = 1) Ny
We define the function C'(#) by
—C(0) = \y(0F) = inf {59F(u,u) Cue F@, /Rd uldr = 1} ,
and let I(\) be the Fenchel-Legendre transform of C'(6):

I(\) =sup{\d —C(0)}, XeR.

feR

Then, the function C'(6) is a convex, non-negative and differentiable function on R.
This implies that its Fenchel-Legendre transform [ is convex and good (e.g. [15,
Lemma 2.3.9]); for every [ > 0, the level set {A € R: I(\) <[} is compact. Now

the main theorem in this chapter is as follows:

Theorem A.3. Assume that d < 2a. Then for a positive function F € AL, A,(F)/t

obeys the large deviation principle with rate function I(\) :
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(i) For each closed set K € R,

t—00 AeK

1 A(F
limsupglogﬂ%( ti )EK) < —inf I(N).

(ii) For each open set G C R,

liminfllogIP’x (At(F) c G) > — inf I(\).
t—oo T t \eG

To apply the Gartner-Ellis theorem, we will show first that the limit
1
1tlirn n logE, [exp(A(F))], 6eR (A.2)

exists ([15, Assumption 2.3.2]). We call the limit the logarithmic moment generating
function of A;(F'). For the proof of the existence of the limit (A.2), we use Theorem
5.6; if the function F belongs to the class J, it follows from Theorem 3.10 that

lim inf = log E, [exp(04;(F))] > —Aa(0F).

t—oo T

Moreover, we see from the LP-independence that

1 1
lim sup n log E, [exp(0A:(F))] < limsup n log sup E, [exp(0A(F))]

t—00 t—o0 z€R4

= —A(0F) = =X2(0F) = C(0).

We thus see that —Ay(0F) is the logarithmic moment generating function of
Feynman-Kac functional A;(F). In [40], Takeda used an ergodic theorem due to
Fukushima [19] to prove the existence of the limit (A.2).

The existence of the logarithmic moment generating function leads us to the
upper bound (i) in Theorem A.3. To prove the lower bound (ii) in Theorem A.3
by using the Gértner-Ellis theorem, we need to show that the function C(0) is
essentially smooth in the sense of [15, Definition 2.3.5]. With regard to this property,
the following theorem holds.

Theorem A.4 ([44, Theorem 7.2]). Let F be in AL. Then if d < 2a, the spectral
function C(0) is differentiable on R.

For the proof of the differentiability, we follow the arguments in [43]; we need the
criticality theory for Schrodinger operators with non-local potential. The condition,

d < 2a, comes from the null criticality of the Schrodinger operator H%F, where
0o = inf{0 > 0: C(0) > 0}.
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More precisely, we will prove that the operator H%¥ is critical, that is, H%* does not
admit the minimal positive Green function but admits a positive continuous H%F-
harmonic function (this function is called a ground state and uniquely determined
up to constant multiplication). We note that if d < «, then the symmetric a-stable
process is recurrent. On account of the recurrence, we can show that 6, equals 0
and the ground state is the positive constant function. In addition, we will prove
that if d < 2a, then H%F is null critical, that is, the ground state does not belong
to L?(R%). In fact, denoting by h the ground state, for a < d there exist positive

constants ¢, C' such that

c C
<h <
z]d—a = (z) < |z]d—a

|z| > 1.

The criticality of Schrédinger type operators is studied by many people (M.
Murata, Y. Pinchover, R. Pinsky,...). In particular, Z.-Q. Chen [10] considered
the subcriticality of Schrodinger operators with non-local potential and obtained a
necessary and sufficient condition for the subcriticality: For a positive F in A, the

operator H!" is subcritical if and only if

inf {% / /IR dXRd\A(u(x) — u(y))2e"CYN (z, y)dzdy - .

/ u?(z) (eF(”’y) — 1) N(z,y)dzdy = 1} > 1.
R xRI\A

In [44], an another necessary and sufficient condition for the subcriticality as follows

was established:
inf {S(Q)(u,u) ; // u(@)u(y) (") — 1) N(z,y)dedy = 1} >1. (A4)
RIXRAA

We can check the condition (A.4) more easily than Chen’s one, because the minimiz-
ing form does not depend on the function F. However we can study the properties
of the minimizing function in (A.3) more easily than that in (A.4). In fact, we
know that the minimizing function in (A.3) is characterized as the ground state of
an irreducible time changed Markov generator, and thus it is strictly positive and
continuous. On the other hand, we have not known the meaning of the minimizing

function in (A.4). We thus use these two conditions for proof of the null criticality
of HOF .
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As remarked in [15, Section 2.3], the Gértner-Ellis theorem is restrictive for the
proof of the large deviation principle. In fact, the Gartner-Ellis theorem is not
applicable to the case d > 2a because the function C'(#) is not differentiable at
0 = 0y (Remark A.1), while we believe that the large deviation itself holds even for
d > 2.

Example A.1. Let K be a subset of R? with finite Lebesgue measure. Then it
is known in [10, Example 2.1] that the function F' belongs to A.. In particular,
for compact sets K1, Ky with K7 N Ky = (), the function F(x,y) = 1g, (2)1k,(y) +
Lr,(2)1k, (y) is in Ax.

The corresponding additive functional is

A(F) =Y F(X,, X)) =#{s: 0<s <t X, € K;,X, €Ki #j},

0<s<t

that is, the additive functional denotes the number that the a-stable process jumps

between K; and K5 up to t.

Remark A.1. For classical Schrodinger operators, the non-differentiability of spectral
function was considered in [33]. The argument in [33, Theorem 2.1] can be adapted
to prove that if d > 2, then C'(0) is not differentiable. Indeed, the ground state h
belongs to L%(dx), that is, 0 is an eigenvalue of H%¥. We normalize the function h

as ||hlla = 1. Let
Bewuw)= [ u@u(w)Fle.p)N (e y)dedy.
RixRINA
Since for 6 > 6,
—C(0) < g(a)(hv h) — B(OF)l(hv h)

and
E@(h, h) = Bgyry, (h, h),

we have
c0) > B(gp)l(h7 h) — B(gop)l(h, h) > (0 — 0y)Br(h,h).
Hence we see that

lim inf (o)
0100 — bt

= Bp(h, h) > 0.
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Appendix B

A Large Deviation Principle for
Normalized Markov Processes

Varadhan [46] gave an abstract formulation for the large deviation principle. The-
orem 3.10 and Theorem 3.11 are slightly different form the lower estimate and the
upper estimate in his formulation; at least, the rate function I¢.+r is not positive.
Moreover, the Hunt process is not supposed to be conservative, consequently has
no invariant measure. Hence these theorem does not say the large deviation from
invariant measure. In this chapter, we show that under Assumptions (I), (III) and
(V), we can fit these theorem to Varadhan’s formulation by considering normal-
ized Markov processes. According to this modification, our theorem says the large
deviation from the ground state of the generalized Schrédinger operator.

Let M = (2, Xy, P, ¢) be an m-symmetric Markov process on a locally compact

separable metric space X. Note that M is allowed to be explosive.

Assumption 2. (V) For any € > 0, there exists a compact set K such that

sup Rilge(x) <e.
reX

We make Assumptions (I), (IIT) and (V). Let p € Koo and F' € J. Let Ay(u+F)
be the additive functional defined in Chapter 2. We define the function Ig.+r on
P(X) in the same way as in Chapter 3:

_ eIV dtv=fom, VT EF,
[5,u+F(l/) 0

otherwise.
Let us define xk(u + F') by

1
i+ F) = lim —log [[pf ™"l o
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We see from Theorem 2.4 that x(u + F) is finite. If o > w(p+ F) and f € By(X),

we define the resolvent R by
R p) =B, | [ (st < o]
We set
D(HMT) ={R fra>k(p+F), fe LX(X;m)NCy(X), f>0and f#£0}.

Each function ¢ = R f € D, (H#HT) is strictly positive because P,(0o < ¢) > 0
for any x € X by Assumption (I). Here O is a non-empty open set {x € X : f(x) >
0}. We define the generator H*™" by

H Yy =au—f, u=REf D, (HY,

and the function I on P(X) by

p+F
)= — inf /H © . (B.1)
¢6D+(H#+F) X gb—l—eh
e>0

Here, h(x) is the gauge function, that is, h(x) = E,[eAcr+F)],

The gauge function h(z) satisfies 0 < ¢ < h(z) < C < oo. Indeed, for u € Ky
and F' € Ju, by Proposition 2.2 in [9] and the definition of Jx, sup,cy E,(Ac (] +
|F'|)) < co. By Jensen’s inequality,

inf E, (exp(Ac( + F))) > 0.

On the other hand, By the Gauge Theorem (see [9, Theorem 2.13]), the gauge
function h(z) is either bounded on X or identically co on X. However, if h(z) = oo,
then we may replace the Markov process M by the 1-subprocess M(Y) = (Q, X, ngl))
of M, that is, M® be the Hunt process transformed by e~*: Pﬁ})(dw) = e 'P,(dw).

We need add a positive constant € because the Markov process is not supposed
to be conservative.

Denote by By (X) the set of non-negative bounded Borel functions on X. Let us
define the function 7, on P(X) by

utF
I,(v) = — inf / log (M> dv.
weBf (X) J X u + €h
e>0
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Lemma B.1. It holds that

I,(v) < M, v e P(X).

«

Proof. For w = R f € Dy (H*T) and € > 0, set

aR' Ty + €eh
S 1 —  )dv.
H(a) /Xg( akh )

Then, noting that % (RETFu) = — (RZJFF)Z u, we have

dv.

d¢ REFFu — o (R HAE (REF)
—(a):—/ - . d’/:/ T
do x aRM u + eh x aRY ™ u+eh

Since

<a (Rg+F)2 u— Rg+Fu> (oz2 (RZ“LF)Q u+ eh>

— (a (RZ+F)2 u— RngFu) (R + €h)
equals a (a (RZJFF)2 u— Rg*Fu>2 > 0, we have

a (RZJFF)QU — RHHEy L@ (RQJFF)QU — RHHFy

aRM ™y + eh Q2 <RZ+F>2U L eh 7
and thus
H;H—F R“+F 2 Hu+F Ru+F 2
[,
x aRa " u+eh XQZ(RZ‘*‘F) u+ eh
1 HM+F Ru—l—F 2
=—— _/ ( - ) Yy

o 2 (R5+F> u—+ ;—}5
1

Therefore

Y

u+F T
log. (aRa u+ eh) Q> (v)
u+ €eh o

000~ ofa) = [

X
which implies

u+F
g / bg(M)dVSM,
X

weDy (HHHF) u+ €eh o
>0

o1



Since HﬁRngFfHoo < C|flloos 8> 0, and ﬂRngFf(x) — f(z) as f — oo,

aRFF(BREYTF) + eh o poF
/ log - (ﬁJrFﬂ Hte dv =5 log (M) dv. (B.2)
X BRE™ f +eh X f+eh

Define the measure v, by
Vo(A) = /X QR (2, Adu(z), A € B(X).
Given v € B, (X), take a sequence {g,}>2, C C;"(X) N L*(X;m) such that
/X|v—gn|d(ua+u) — 0 asn — oo.
We then have
/X laR Ty — aRFF g, |dv < /XaRngF(hJ — gn|)dv = /X |v — gn|dve — 0

as n — 00, and so

aRF g, +eh oo aRF Ty + eh
1 = d 1 — ) dv. B.3
/Xog< gn +€h ) v Xog( v+ €eh ) g (B.3)

Hence, combining (B.2) and (B.3)

. QR Ey + eh . aRHEy + eh
inf log| ——— | dv = inf log | —— | dv,
uweD4 (HHHF) [ x u+ eh weBf Jx u+eh

which implies the lemma. O
Lemma B.2. If I(v) < oo, then v is absolutely continuous with respect to m.

Proof. By the similar argument in the proof of [16, Lemma 4.1], we obtain this
lemma. Indeed, for a > 0 and A € B(X), set u(x) = ala(x) +1 € B/ (X). Then

aRFy + eh aaRFM T (z, A) + aRF (2, X) + €h
log| ——— | dv = | log dv.
X u+eh X ala(x) +1+e€h

Define the measure v, as in the proof of Lemma B.1. Put
Co = / AR (2, X)dv(2)(= ve(X)).
b's
We see from Lemma B.1 and Jensen’s inequality that
log (avy(A) + co + €h) > v(A)log(a+ 1+ €h) + v(A°) log(l + €h) — I(v)/a,
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and by letting € — 0

log (ava(A) + ¢o) > v(A)log(a+ 1) — I(v)/«.
Since logx < x —1 for x > 0, we have

avy(A) +co — 1 > v(A)logla+1) — I(v)/a,

and so

va(A) — p(a) > LW et v(A)ogla+ 1) —a) +1 - ca
a
Noting that log(a + 1) — a < 0, we have

—I(v)/a+ (logla+1) —a)+1—c,

va(A) —v(A) =

for all A € B(X) and
V(A) = Va(A) =1 — o + (Va(A°) — v(A9))
_ —I()/a+(log(a+1) — a) + (1 ca)(a+ 1)

a
for all A € B(X). Therefore we can conclude that

AEZ&)'”(A> —n(4)] < a —log(a+1) —i—I(z/gL/oz—i— (1—co)a+1)

Note that ¢, — 1 as @ — o0o. Then since
—1 1
limsup sup [v(A) —va(A4)] < a=loglatl)
a—oo  AeB(X) a

and the right hand side converges to 0 as a — 0, the lemma follows. [

Proposition B.3. It holds that for v € P(X),
I(v) = Igu+r (v).

Proof. We follow the argument of the proof of [16, Theorem 5. Suppose that I(v) =

¢ < 00. By Lemma B.2, v is absolutely continuous with respect to m. Let us denote

by f its density and let f* = /f An. Since log(1 —z) < —x for —oo < x < 1 and
fn _ OzRngFf”

— < <1
> 4 eh ’

O&R“+Ff"—}-eh fn_aRquan
1 = dm = 1 1-— = d
forow () gim = [ ow (1= FE ) g

n __ u+F rn
S—/ A LA fdm,
X fn+€h
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SO

/ f”—aRZﬁLanfde]a(f.m)‘
X

fr+eh
By letting n — oo and € — 0, we have

J VT = aRi T Fydm < L m) < If-m)

(67

which implies that /f € F and EFF(V/F,/f) < I(f - m).
Let ¢ € DL (H*™F) and define the semigroup Pfs by

eAt(ntF) (¢ +€h)(Xy) (_ CHI
0

e (- [ Pcaas) sox|.

@ —

Then, P? is (¢ + €h)*m-symmetric and satisfies P’1<1. Givenv=f-meF
with \/f € F, set

97 = [ ey (— t 2 (xas) Vi)

¢+ €h
Then
o _ o ( VT VY
[ seviran= [ @vaz(r(52)) am
2
S/X(¢+eh)zpt¢ ((d)ﬁh) )dm
2
</X(¢+6h)2 (gzﬁﬁh) dm
:/fdm.
be
Hence
.1 " P HHHE
0 < lim s (VF = SIVENV D =8IV + | S gdm,
X
and thus E(V/F/f) > I(f - m). O
Put

Xo(p+ F) = inf {8“+F(u,u) cu € F, ||lulls = 1} ;

and let {u,} be a minimizing sequence of F, that is, ||u,|2 = 1 and A\y(p + F) =

limty oo €7 (1, 1), Pt g = |ja] + i, Sinice & (tim, 1) < cEr(ttn, ) and
/ Rt < |Gt (€ (s 0n) + ).
X

o4



we have

EME (U, un) > Ep(tn, ) — || Gopt'l| oo (€ (n, un) + @)

1
> Eg(umun) —NGatl oo (E(tn, un) + @)
— (M) E(tn, 1) — |Gt

Choosing « so large that 1 — ¢||G /|| > 0, we have

C

E(un, up) < ————
1= ¢ Gap'lloo

(5M+F(una un) + a“GaMIHOO) .

We thus see from Assumption (V) that for any € > 0 there exists a compact set K
such that

sup/ u? - dm < ||Rilge

n

oo’ (Supg(unaun) + Oé) <€
that is, the subset {uZm} of P(X) is tight. Hence there exists a subsequence {uZ m}

weakly converges to a probability measure v. Since the function Igu+r is lower semi-

continuous by Lemma B.2,

Tewsr (v) < h,?ii}.?f Teusr(uy, m) = h;?ig)lf EME (U, Uy, ) < 00.

Therefore, Proposition B.3 says that v = u2m, uy € F. The function ug is the
ground state, Ao(p+ F) = EFTF (ug, up). The uniqueness of the ground state follows
from Assumption (I) (Irreducibility) (see [14, Proposition 1.4.3]). Therefore we have:

Proposition B.4. Under Assumptions (1), (III) and (V), there exists a unique
ground state ug € F of HHHE.

Define the probability measure @, on P(X) by

E,[e4W+F). [, € Bt < (]
E [ett e < (] 7

Quu(B) = B € B(P(X)). (B.4)

Here, L; is the occupation distribution defined as in (3.2). Define the function J on
P(X) by
J(V) = ]gu+F(l/) — )\Q(M + F) (B5)

Lemma B.5. The function J satisfies:
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(i) 0 < J(v) < .

(i) J is lower semicontinuous.
(ili) For each | < oo, the set {v € P(X): J(v) <} is compact.
(iv) J(ug-m)=0 and J(v) >0 forv#ud-m

We see from Lemma B.5 that the function J satisfies those conditions for the

rate function which Varadhan imposed in his formulation. Then we have the next
theorem([41]):

Theorem B.6. Let M be a Hunt process satisfying Assumptions (1), (II1) and (V).
Let p be a measure in Ky, and F a function in Js. Define by (B.4) a sequence
{Qu.t}i=0 of probability measures on P(X). Then the sequence {Qu+}i=0 obeys the

large deviation principle with rate function J:

(i) For each open set G C P(X )

llmlnf longt() — inf J(v).

—00 veG

(ii) For each closed set K C P(X)

1
hmsup—longt( ) < —inf J(v).

t—00 veK

Corollary B.7. The measure ), weakly converges to 5u3,m as t — oo.

Proof. 1f a closed set K does not contain u2-m, then inf,cx J(x) > 0 by Lemma B.5
(iv). Hence Theorem B.6 (ii) says that lim; .., Q,(K) = 0 and lim;_,o Q. (K¢) =
1. For a positive constant ¢ and a bounded continuous function f on the set of
P(X), define the closed set K C P(X) by K ={v € P(X): |f(v)— f(ud-m)| > d}.

Then we have

F ) Quald) — (a2 m>' < [ 1) 10w Quda

P(X) (X)

= [ 150) = £ m)IQua) + [ 1£0) = Fla )] Qs
< 0Qut(K°) + 2| fllooQut(K) — 6

as t — 0o. Since 4 is arbitrary, we can conclude the weak convergence. O

On account of Corollary B.7, we realize that Theorem B.6 implies a large devi-

ation from the ground state.
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Appendix C

Time Change and Subordination

C.1 Time Changed Hunt Processes

In this section, we study some properties of time changed Hunt processes by PCAF.
Let (X,m), M and (£, F) be as in the preceding chapter. Given a Dirichlet form
(€, F) on L*(X;m), we denote by F, the family of m-measurable functions u on X
such that |u| < oo m-a.e. and there exists an £-Cauchy sequence {u,} of functions
F such that lim, . u, = u m-a.e. We call (F, &) the extended Dirichlet space of
(&, F).

Lemma C.1 ([20, Lemma 1.5.5]). If a Dirichlet form (€, F) on L*(X;m) is tran-
sient then its extended Dirichlet space F. is Hilbert space with respect to inner prod-

uct E(+, ).

Let us fix a positive Radon measure p € K and A;(p) the PCAF with Revuz
measure . We denote by Y the topological support of u, i.e. Y is the smallest
closed set outside which p vanishes. Let {7}:>0 be the right continuous inverse
function of A;(u), 7 = inf{s > 0 : As(u) > t}. We assume that support ¥ equals
the quasi-support Y of pn, Y = {z € X : Py(1p = 0) = 1}.

We consider the following orthogonal decomposition of the Hilbert space (F, £):

fe::/te,X\Y@Hy
Fex\yy ={u € Fe:u=0q.e onY},

and denote by Hy the orthogonal projection from F, to Hy. It is known in [20,
Theorem 4.3.2] that Hyu(z) = E,[u(X,, )] for any v € F, and = € X.
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Define a symmetric form (£, F) on L*(Y; 1) by
F={peL*Y;u):¢=up-ae on Y for someu € F,},
E(p,¢) = E(Hyu, Hyu), ¢€F, p=u pae onY, uc F,.

Let us also define the time changed process M = (X;,P,),ey of M with respect to
the PCAF A;(p) by
Xt - X’Tt'

Then the time changed process M is a strong Markov process on Y. In particular,

the transition function and the resolvent of M is respectively given by

pt¢<$) = Ew[¢(XTt)]> r ey,

Rod(z) = E, { /O N e—“tcb(XTt)dt} _E, { /0 T oM §(X,)dA ()|

Theorem C.2 ([20, Theorem 6.2.1]). Let M be a Hunt process associated with a
reqular Dirichlet form (£,F) on L*(X;m). Then the time changed process M is
the Hunt process associated with the Dirichlet form (€, F). Furthermore, (€, F) is

reqular.

For a measure p € IC, define

() = inf {S(U,u) ueF, /Xu(x)wdx) _ 1} |

On account of Lemma 3.1 in [38], we see that A\(u) is the bottom of the spectrum
of the time changed process M.

Definition C.1. If a measure p € IC satisfies

sup |, [exp(Aoo(11))] < o0,
zeX
then p is said to be gaugeable.

Theorem C.3 (Chen [9, Theorem 5.1]). Let pu be a positive measure in Kooo. Then
w is gaugeable if and only if \(u) > 1.

Lemma C.4. Let p be a positive measure in Koo o. Then A(u) < 1 if and only if
Ao(p) = inf {E¥(u,u) 1 u € F,||ulls =1} <O0.

58



Proof. Suppose that A(u) < 1. Then there exists a function ¢ € F with £(¢,¢) <1
and [y ¢(z)’u(dz) = 1. Let ¢ = ¢/||¢|l2, then we have

M, 1) = E(, ) — /X ()2 pu(dz)

— o (€00 = [ staputan)
< 0.

Suppose that Ao(p) < 0. Then there exists a function ¢ € F with E#(p, ¢) < 0 and
lolla = 1. Let ¥y = /([ ¢>du)/?, then we have

E(Wn, i) = £ (1, ) + / 1 ()2 d)
< 1.

C.2 Subordination

Let M = (X;,[P,) be an m-symmetric Hunt process on X satisfying Assumptions
(I)-(IV). Let (£, F) be the Dirichlet form generated by M. In this section, we use

the spectral representation of the Dirichlet form:

F = {u € L*(X;m): /oo)\(dE,\u,u) < oo},

0
E(u,v) = /00 MdEyu,v) u,v € F.
0
Let 75 (s) (s > 0,0 < o < 2) be a unique continuous function satisfying
et = /00 e_asmfa)(s)ds, a,t >0
0

(see Yosida [49, Chapter IX §11] for more details). Define

PO f(z) = / TR (s)ds, t > 0.

Then {pﬁ“)}bo is a strongly continuous sub-Markovian semigroup on L?(X;m). We

have the corresponding Dirichlet form is expressed by

E@ (u,u) :/ A2d(Eyu,u), ue F,
0 - (C.1)
Flo) — {u c L*(X;m) : / A2 d( Eyu, u) < oo}
0
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Furthermore, there exists a Hunt process M(®) generated by (£(®), F(®) ([29, The-
orem 3.2]).

Proposition C.5. If a Hunt process M satisfies Assumptions (I)~(IV), then so does
M),

Proof. (I): Take any pﬁa) -invariant set A and a positive function f € L*(X;m).

Then we have

1a(@) (0 f(2)) = La(2) / TR F(X) (s)ds
- / T La@E (X (s)ds
- / L@ fa) @ (s)ds.

Furthermore,

P (1f (2)) = / T pe(Laf (@) (s)ds.

Since ’yt(a)(s) > 0, ps(1af(z)) = Lapsf(z) and thus m(A) = 0 or m(X \ A) = 0 by
the irreducibility of p;.

(IT): It is obvious since p, = 1 and [~ ~(s)ds = 1.

(IIT) and (IV): Noting that fyt(a)(s)ds is a bounded measure, we have (III) and (IV)

by the dominated convergence theorem. O]
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