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1. Introduction
Recently I study, by means of Stochastic Analysis,

the Gaussian two-sided bounds of the fund. solution

and the Holder (Lipschitz) continuity of the solution

to the parabolic partial differential equation:

(O 1 d o2
au(ta :L‘) — 57;,;1 a’ij(ta x)&cﬁx]u(t’ aj)
d
| 3 bt ) ult, @) + ot 2)ut, )
i=1 ox;
u(0,z) = f(x)

where a, b, c have bad regularities

and a is uniformly positive definite.
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In this talk we consider stochastic differential equa-

tions with path-dependent drift terms.

Consider the path-dependent SDE:

{ dYF = o(t, Y)dB; + b(t, Y;*)dt + b(t, Y¥)dt
Yy = .

where
o: [0,T] x R® — R? x RY | measurable
b: [0,7] x R — R4 | measurable
b: [0,7] x C([0,T]; R?) — R? such that
A([0,T]) ® B(C([0,T];RY)) /A (R%)-measurable
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Let
. C([0,T]; RY — C([0,T]; R%)

defined by (mw) = w(- At)
#1(C([0,T); RY) := m; *[#(C([0, T]; RY))]

Assumption
b(t,): B(C([0,T];R%))/B(RY)-m'ble V¢ € [0, T],

1b]] oo = Sup B(t, w)| < oo.
(t,w)€[0,T]xC([0,T];R%)




Let a(t,z) = o(t,z) o(t,z) for (¢,z) € [0,T] x RY.

Assumption
A1l <a(t,z) <AI, (t,z)€[0,T] x RY,
3M,: a conti. func. on [0,c0) such that M,(0) = 0O,

Sup |a,(t,:c) _ Cl,(t,y)‘ S Ma(’J? T yD7
te[0,T7]

11 1
/ — ( T—Ma(r)d’r> dr < oo,
0O r 0O r

Hb”oo — Sup(tjw)E[O’T]XRd |b(t,$)| < o0

dM,: a conti. func. on [0,00) such that M,(0) = 0,

11
sup |b(t,2) — b(t,y)| < My(Je —yl), [ =My(r)dr < oo.
te[0,T] (s
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Consider the SDE of Markov type:
dX} = o(t, Xi")dBs + b(t, Xi")dt
X§ ==

Then, the transition probability density function ¢(s,x;t,y)
of X and the estimates

a2
on exp(_v—lm yl)

(t — 5)d/2 t—s
., 02
S Q(S,ZU; tay) S (t _ISd/Q exp (_7+L$ y‘ ) )
— S — S
C_|_ ’7_|_!$—y’2
Vzq(s,z; t,y)| < (t — s)(d+1)/2 exp ( PR

for (s,z), (t,y) € [0,T] x R% s.t. s < t.
T hese are obtained by parametrix.




2. Perturbation
t -~ 1 /t -
£(t, XT) 1= exp ( [y Bos, X7, dB) — = [ ]bg(s,Xx)|2ds)

where by (t, w) := o (t,w) ~1b(t, w).
Then, by the Girsanov transform
Ef(Yy)] = E[f(X)ER, XT)].

We regard Y as a perturbation of X,

and consider estimates of the density of Y;.



We have the existence of the density function p(0,x; ¢, y)
of Y;/* and

p(0,z;t,y) = q(0, z; t,y) EXt =Y [E(t, X*)]

(for a.e. y w.r.t. the Lebesgue measure)
where EXi=V¥[.] is the expectation w.r.t. the regular

conditional probability measure given by X" = y.

We have known that ¢(s, x;t,y) satisfies the Gaussian
estimates.
Hence, to see the Gaussian estimates of p(0,x;t,v)

it is sufficient to have estimates of EXi =¥ [£(t, X7)].
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Let p°(0,x;t,y) ;= E[E(s, XT)q(s, XT;t,y)]

for s € [0,¢) and z,y € R%.

By the Markov property we have

E[E(s, X%)q(s, XZ; t,y)] = q(0,z; t,y) EXt =Y [£(s, X )]

for s € [0,t).

Lemma For each r € R,

sup E[E(s, X") q(s, X7 t,y)] < Ct~%Y2 exp
s€[0,t)

<_

vz — y|?

t

|
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Proof. Since

0 0

_ %q(s’ x;t, y) = aQ(Sa x, t, y)
1 d 82 d o0

= — 7142 , T, T, b; )5 — it Y),
5 i’jzz:l aw( x)axzax]CZ(S x y) + z';l z( x)axiQ(S X y)

by It0's formula we have

E[E(s, X") q(s, XT;t,y)] —q(0,z; t,y)

=" 1 e, XY g, X5 1) Bo (s X))

+ 2 o B € XP)([VaCu, - t,))(XE), Bu, X))] du.

[
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Hence, we have the following.

Lemma p(0,z;t,y) = Ii%ps(O,:c;t,y)
S

Proposition For each r € R,

a2
q(0,z; t,y) EXT =Y [£(t, X)) < Ct~ U2 exp (—W ’ )

t

Since p(0,z;t,y) = q(0, z; t,y) EXi =Y [E(t, X7)],

we obtain the Gaussian upper bound of p(0,x;t,vy).
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Since 5
1 = EX{=Y [S(t, x)1/2¢ (4, Xx)_1/2]

< BEXI=v(g(t, x*)] EXI=Y [£(t, x*) 1],

we have .
EXIZY @, X)) T < BEXITV[E(t, X)) .

Hence,
p(0,z;t,y) = q(0,z; t,y) EXI =Y [E(t, XT)]
q(0,z;t,y)?
> T
~q(0,z; t,y) EXT Y [E(t, X 7)1
C2t~dexp (—2y_|z — y|?/t)

>
— Ct~4/2exp (—’y|33 - y|2/t)
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T heorem

There exist positive constants C_, 37— Cy and 54 de-
1b]|0o, ||b||co, M and M, such that

o 4—d/2 exp (_’7—‘55 — y‘z)

pending on 1T', d, N\,

t

~ 12
<p(0,z;t,y) < C7+t_d/2 exp (—%lxt d )

for t € [0,7] and z,y € RY.

Next we consider the continuity of

the density function.
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T heorem Lette (0,7] be fixed. Assume that
38 € [0,1] and a conti. func. p s.t. p(0) = 0,
(s, 2 t,51) — (s, t,92)| < (= s) T 2p(|y; — yo|)

Vza(s,z; t,y1) — Vaq(s,z; t,y2)|
S (t _ S)_(CH_QB)/Q

p(ly1 — y2!)

for s € [0,¢) and z,y1,y> € R%. Then, for any ¢ € (0,1),

p(0,z;t,y1) —p(0,x; t,y2)|

< Ot B2 p(lyy — g )17

ymin{|z — y1|?, |z — y2|2})

R
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Remark: Consider the case that X¥ is a d-dimensional

standard Brownian motion. In this case,

. _ —d)2¢,  N—d)2 z —yl?
q(s,x;t,y) = (2m)~Y(t —s)"““exp 2 —s))

Then,
q(s, @ t,y1) — q(s,z; t,y2)| < C(t — s)~W@HD/2 1y — ]
Vaq(s, @ t,y1) — Veq(s, z;t,y1)] < O'(t —s)7@T2)/2)1y .

Hence, we let 8:=1 and p(r) := C'r.
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Proof. By the interpolation inequality,

|V€Q<Sa gr t, yl) — VfQ(Sa 5; t, y2)|
<Ot —s)"YPPIp(lyy — yo)'

2

8 —_

< max exp (_ Y+1§ — 7 )
n—yi,yY2 t—s

(0,2, t,y1) — q(0, z; t,y2)|
12
< Ct=4/2-B-9/2 (11— o)1 max exp (_&‘%LIE | )

N=Y1,Y2 t

17



p°(0,z;t,y1) — p°(0,2; ¢, y2)
= |E[E(s, XT)q(s, X5 t,y1)] — E[E(s, XT)a(s, X1 ¢, y2)]|
< \q(Cl),a::t,yl) —q(0,z;t,y2)|
+ 5 1o B XN ([Vau, - £, y1) (X7)
— Va(u, - £, y2) (X1, b(u, X)) | dul

2
—d/2—B(1—e)/2 o N\l-e V4T — 1
<
< Ct p(lyr —y2|)™ " max_exp ( .

+ Cplyr — yol)' < [ (¢ —u)~ /2P0

XZ _ 2
E(u, X*) max exp <_€’Y-|-\ u =" )] du
n—y1,yY2 it —u

X F

[
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3. Path-dependent drift perturbation of
symmetric diffusion processes

o € CHRYRY@RY) s.t.

IMs € C([0,00); Ry ) satisfying Ms(0) =0,

1M’(r)

Vo(z) — Vo(y)| < M|z — y)]), and/ dr < oco.

Assume A71T < o(2)o(z)! < AT
Define b € C,(R%; R?) by

14 9 (4
bi(z) 1= 5};1 oz, (g::l Ujk(m)gik($)>
1 8

() () + ajkma"”“(x))
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Consider

dXy = o(X{)dBy + b(X{)dt
X§ = «x.
The results by parametrix imply that the transition
probability density function ¢(¢,x,y) exists and
C_ vz — y|? (e Yyl —yl?
ex < q(t < exp | —
td/2 p( t _Q( ,le,y) td/Q p t

vz — y|?
¢

‘VZUQ(ta L, y)l S Ct_(d_l_l)/z exp (—

a2
V2q(t, )| < Ct(@+2)/2 exp( vl t | )

for t € [0,7] and z,y € RY,
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Since

1 4 52 1 d

- . . il A

2, Z 1Uzk($)agk($)axia$ 5 ;1 z(ib‘)axZ
1 d s, d s,

= 5@32::137;' (kzl gk(l‘)%k(x)) o

the generator is symmetric on L2(R% dz). Hence,

q(t,z,y) = q(t,y,x).

T herefore,

a2
VeVt z,y)| < Ot~ @122 exp <_7|“" yl )

t
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Let b be an [0,7] x C([0,T]; R?) — RY s.t.
A([0,T]) @ B(C([0,T]; RY))/%B(R%)-measurable
and b(t,-) is #:(C([0,T]; RY))/%B(R*)-measurable.

Consider the path-dependent stochastic differential

equation

dY = o(t,Y")dB; + b(t, YT)dt
Yy = .

We assume

16]| oo := sup B(t, w)| < oo.
(t,w)e[0, T xC([0,T];R2)
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Corollary
Then, the distribution of Y;* has the density function

p(0, z;t,-) which satisfies

O 4—d/2 exp (_’7—|5’7 — y|2)

t

~ 2
<p(0,z;t,y) < (7+t_d/2 exp (—%lwt d )

and for any € € (0, 1]

p(0,z;t,y1) — p(0,z; t,yo)|
< Gt @FD/21 — o[t F exp (—

ymin{|z — y1|?, |z — y2|2})
t .
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4. Further consideration to less regular
diffusion coefficients

{ dX¥ = o(t, X )dB;, te€[0,T]
X ==

where ¢ : [0,7T] x R - R?¢ @ RY.

Assume o is smooth and consider a priori estimates.
Denote the transition probability density function of
X by q(s,z;t,y).

Let a(t,z) := o(t,z)o(t,z)L for (t,z) € [0,T] x R?.

24



We assume

AT <a(t,z) <AL, (t,2)€[0,00) x RY
O e — ]2
exD (_7 z —y )

(t — s)d/2 t—s
Cy Y+lz —yl|?
< qg(s,z;t,y) < exp | — :
Moreover, we assume
d O 0
sup ——a;i(s,x) e Ml gr < M
4 R | Hp. W
1,7]:]_ tE[O,T] CC]

where 6 is a constant in [d,c0) N (2,00), m and M are

nonnegative constants.
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We consider the perturbation by path-dependent drift.
Let b:[0,7] x C([0,T]; R%) — R? s.t.
bis #([0,T]) @ B(C([0,T]:R%))/%(R%)-measurable
and b(t,-) is #(C([0,T]; RY))/%B(R¥)-measurable.
Consider the path-dependent stochastic differential

equation

dY¥ = o(t,Y;")dB; + b(t,Y*)dt
Yy = .

We assume the boundedness of b. As we have seen,

there exists a density function p(0,x;t,-) of Y.

Define £(t, X*) and p*(0,x;t,y) as before.
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Now we see the Gaussian two-sided bounds of Y;*.
T he disadvantage of the setting in this section is that

we do not have the estimate

Cy V4T — y|2
Vaeq(s,z;t,y)| < (t — S)(d—|-1)/2 exp ( PR

A problem appears, when we estimate

| /cf E [E(s, X)) ([Va(s, - t,)](XT), b(s, X))] ds
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/:12 E [E(s, X") ([Va(s, - t,1)]1(XT), b(s, X))|| ds
< Bllos [ * B [ECs, XY a(s, X351, y) M/

< ([sCt — )17 2q(s, X2i t,9)
Cs(t — sy 1/8lVals: £yl (XS))]

1/4

q(s, XT;t,y)1/2

- { 1/4
< [[b]l oo (ftlz E [5(8, Xx)“q(s,Xf; t, y)} ds)

X </;2 [s(t — 8)]_1/2E [q(s, X2 t,y)] ds) He

_ | .
’ (/tjz[s(t—s)]lME [Vq(s, - t, )| (XD)]

Q(S, Xél?’ ta y)

|

1/2
ds)
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To estimate

t 1/4 ‘V€Q(S7£rtay>‘2 )
Jols =M fou = ey (0 @i s ) deds

we use the estimate

t 1/4 |V£Q(37£rtay)‘2 .
Jols =M o= ey a(0 @i s £)deds

< Ct~¥2T1/2(1 4 |1ogt)).
By this estimate we have

/ot B [5(3, X" )([Vq(s, ) (XE), b(s, X))H ds

vz — y|?
t |

< Ct— /2 exp (—
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Proposition
There exist positive constants C_, ¥_, C4 and §4 de-

pending on T, r, d, A, ||bllcc, C—, v—, Cx, v+, 6, m and
M, such that

C’_t_d/Q exp (_:)"—|37 — y|2)

t

~ 2
<p(0,z;t,y) < (7+t_d/2 exp (_7+|$t yl )

for t € (0,7] and z,y € RY.

To obtain the Gaussian two-sided bound of the limit

process, we perhaps need the continuity of b.
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Thank you for your attention!
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5. Remark in the case of starting at ¢g

Let tg € [0,7) and w € C([0,tp]; RY). Consider

{ iz = ot 7280 aB, 4+ b(t, 280 a4 (¢, Z o))y
tho’w) = ws, s € [0,tg].

We consider a reduction to the previous case. For

w € C([0,tg]; RY) and @ € C([0,T — tp]; RY)

define w xy, w € C([0,T]; R?) by

Wi, t € [OatO]

W MNis W)t =< -
(w st @)1 {wto-u, t € (to,T].
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Let 5Cow) (¢, @) := b(t + tg, w Xy, D)

for (t, @) € [to, TIxC([0, T—to]; RY) such that @wg = wy,.
Let o%0(t,z) ;= o(tg + ¢, ) and b0(t,z) ;= b(tg + t, ).
Let Y% be the solution to

(dY, 0 =cto(t,Y, ©)dBO 4 blo(t, Y, ©)dt

< +5tow) (¢, Y¥0)dt, te [0, T — tg]

Wt  __

where B0 = By . ..
Then, we have

Z(tow) (tg + t) = Y%o(t) for t € [0, T — tg].
T herefore, we obtain the same conclusion in this case.
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6. Remark on unbounded drift terms.

Consider the one-dimensional SDE

dX? = dB; 4+ kXFdt, te€ [0,00)
X5 ==

where k € R\ {0}. The solution X7 is explicitly written

as
x Kkt t —KS
X =e (x—l—/oe dBS>, t € [0, 00).

Hence, the distribution of Xj* is

2Kkt 1 . Kt\2
\le exp (_K,(y xrelt) )dy.

A7k e2rt _ 1
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Since

s (_ncy - xem?)

/-431132(1 — e’“t)2

— exp | — 0

62/-@75 —1

as |x| — oo,

the Gaussian lower estimate does NOT hold.

It follows

ekt _ 1 — 1’

exp (_Kz(y — :L’e"’t)z)

y=e"3t$
On the other hand, when y = ez,
ly — x| = |eft — 1] - |x| = oo as |z| — oo.

Hence, the Gaussian upper estimate does NO'T hold.
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7. A remark of Holder continuity in time
Let T°"> 0 and fix T..
Let p(s,z;t,y) be a non-negative Borel-measurable

function s.t.

[oqp(s,@it,€)de = 1
[oap(s,: 1, )p(t, & T, y)de = p(s, 2 T,y).

If p(s,xz;t,y) is a transition probability density function

of a Markov process, then the equations above hold.
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Proposition

Assume that

p(t,z1; T, y) — p(t, x0; T, y)| < C(T — )~ Y27 Play — o

Cq vylz — y|?
ty) < exp | — :
pscait) < b e (S 1HE

Then, for s <t

p(t,z; T, y) — p(s,z; T, y)| < O(T — )~ H2-B(4 — 5)@/2

where C is a constant depending on

d, C, Q, C_|_ and Y4
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Proof.

p(t, 2, T, y) — p(s, 2, T, y)|
= ‘p(t,w;T, Y) foap(s,@it,)de — [ p(s,2;t,E)p(t,& T, y)dﬁ‘

< foalp(t @i Toy) = p(t, & T, y) Ip(s, @i, €)dE
C4C(T —t)~4/2-F o Y4 |€ — x)?
S (t—S)d/Q /Rd|€_a:| e <_ t— s ) dg
_OLC(T —t)~4/25
- (t — 5)@/2
a2 d/2
t— s =~ v =~ D t— s ~
() e ()
= (T — )" 428t — s)/2,
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