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1. Introduction

Recently I study, by means of Stochastic Analysis,

the Gaussian two-sided bounds of the fund. solution

and the Hölder (Lipschitz) continuity of the solution

to the parabolic partial differential equation:

∂

∂t
u(t, x) =

1

2

d∑
i,j=1

aij(t, x)
∂2

∂xi∂xj
u(t, x)

+
d∑

i=1
bi(t, x)

∂

∂xi
u(t, x) + c(t, x)u(t, x)

u(0, x) = f(x)

where a, b, c have bad regularities

and a is uniformly positive definite.
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In this talk we consider stochastic differential equa-

tions with path-dependent drift terms.

Consider the path-dependent SDE: dY x
t = σ(t, Y x

t )dBt + b(t, Y x
t )dt+ b̃(t, Y x)dt

Y x
0 = x.

where

σ: [0, T ]× Rd → Rd × Rd , measurable

b: [0, T ]× Rd → Rd , measurable

b̃: [0, T ]× C([0, T ];Rd) → Rd such that

B([0, T ])⊗ B(C([0, T ];Rd))/B(Rd)-measurable

4



Let

πt: C([0, T ];Rd) → C([0, T ];Rd)

defined by (πtw) = w(· ∧ t)

Bt(C([0, T ];Rd)) := π−1
t [B(C([0, T ];Rd))]

Assumption

b̃(t, ·): Bt(C([0, T ];Rd))/B(Rd)-m’ble ∀t ∈ [0, T ],

∥̃b∥∞ := sup
(t,w)∈[0,T ]×C([0,T ];Rd)

|̃b(t, w)| < ∞.
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Let a(t, x) := σ(t, x)Tσ(t, x) for (t, x) ∈ [0, T ]× Rd.

Assumption

Λ−1I ≤ a(t, x) ≤ ΛI, (t, x) ∈ [0, T ]× Rd,

∃Ma: a conti. func. on [0,∞) such that Ma(0) = 0,

sup
t∈[0,T ]

|a(t, x)− a(t, y)| ≤ Ma(|x− y|),
∫ 1

0

1

r̃

(∫ r̃

0

1

r
Ma(r)dr

)
dr̃ < ∞,

∥b∥∞ := sup(t,x)∈[0,T ]×Rd |b(t, x)| < ∞

∃Mb: a conti. func. on [0,∞) such that Mb(0) = 0,

sup
t∈[0,T ]

|b(t, x)− b(t, y)| ≤ Mb(|x− y|),
∫ 1

0

1

r
Mb(r)dr < ∞.

6



Consider the SDE of Markov type: dXx
t = σ(t,Xx

t )dBt + b(t,Xx
t )dt

Xx
0 = x.

Then, the transition probability density function q(s, x; t, y)

of X and the estimates

C−
(t− s)d/2

exp

−γ−|x− y|2

t− s


≤ q(s, x; t, y) ≤

C+

(t− s)d/2
exp

−γ+|x− y|2

t− s

 ,

|∇xq(s, x; t, y)| ≤
C+

(t− s)(d+1)/2
exp

−γ+|x− y|2

t− s


for (s, x), (t, y) ∈ [0, T ]× Rd s.t. s < t.

These are obtained by parametrix.
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2. Perturbation

E(t,Xx) := exp
(∫ t

0
⟨̃bσ(s,Xx), dBs⟩ −

1

2

∫ t

0
|̃bσ(s,Xx)|2ds

)

where b̃σ(t, w) := σ(t, wt)−1b̃(t, w).

Then, by the Girsanov transform

E [f(Y x
t )] = E [f(Xx

t )E(t,Xx)] .

We regard Y as a perturbation of X,

and consider estimates of the density of Yt.
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We have the existence of the density function p(0, x; t, y)

of Y x
t and

p(0, x; t, y) = q(0, x; t, y)EXx
t =y [E(t,Xx)]

(for a.e. y w.r.t. the Lebesgue measure)

where EXx
t =y[·] is the expectation w.r.t. the regular

conditional probability measure given by Xx
t = y.

We have known that q(s, x; t, y) satisfies the Gaussian

estimates.

Hence, to see the Gaussian estimates of p(0, x; t, y)

it is sufficient to have estimates of EXx
t =y [E(t,Xx)].
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Let ps(0, x; t, y) := E [E(s,Xx)q(s,Xx
s ; t, y)]

for s ∈ [0, t) and x, y ∈ Rd.

By the Markov property we have

E [E(s,Xx)q(s,Xx
s ; t, y)] = q(0, x; t, y)EXx

t =y [E(s,Xx)]

for s ∈ [0, t).

Lemma For each r ∈ R,

sup
s∈[0,t)

E [E(s,Xx)rq(s,Xx
s ; t, y)] ≤ Ct−d/2 exp

−γ|x− y|2

t


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Proof. Since

−
∂

∂s
q(s, x; t, y) =

∂

∂t
q(s, x; t, y)

=
1

2

d∑
i,j=1

aij(t, x)
∂2

∂xi∂xj
q(s, x; t, y) +

d∑
i=1

bi(t, x)
∂

∂xi
q(s, x; t, y),

by Itô’s formula we have

E[E(s,Xx)rq(s,Xx
s ; t, y)]− q(0, x; t, y)

=
r(r − 1)

2

∫ s

0
E
[
E(u,Xx)rq(u,Xx

u; t, y)|̃bσ(u,X)|2
]
du

+
r

2

∫ s

0
E
[
E(u,Xx)r⟨[∇q(u, ·; t, y)](Xx

u), b̃(u,X)⟩
]
du.
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Hence, we have the following.

Lemma p(0, x; t, y) = lim
s↗t

ps(0, x; t, y)

Proposition For each r ∈ R,

q(0, x; t, y)EXx
t =y [E(t,Xx)r] ≤ Ct−d/2 exp

−γ|x− y|2

t



Since p(0, x; t, y) = q(0, x; t, y)EXx
t =y [E(t,Xx)],

we obtain the Gaussian upper bound of p(0, x; t, y).
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Since

1 = EXx
t =y

[
E(t,Xx)1/2E(t,Xx)−1/2

]2
≤ EXx

t =y [E(t,Xx)]EXx
T=y

[
E(t,Xx)−1

]
,

we have

EXx
t =y

[
E(t,Xx)−1

]−1 ≤ EXx
t =y [E(t,Xx)] .

Hence,

p(0, x; t, y) = q(0, x; t, y)EXx
t =y [E(t,Xx)]

≥
q(0, x; t, y)2

q(0, x; t, y)EXx
t =y

[
E(t,Xx)−1

]
≥

C2
−t

−d exp
(
−2γ−|x− y|2/t

)
Ct−d/2 exp

(
−γ|x− y|2/t

)
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Theorem

There exist positive constants C̃−, γ̃− C̃+ and γ̃+ de-

pending on T , d, Λ, ∥b∥∞, ∥̃b∥∞, Ma and Mb such that

C̃−t
−d/2 exp

−γ̃−|x− y|2

t


≤ p(0, x; t, y) ≤ C̃+t−d/2 exp

−γ̃+|x− y|2

t


for t ∈ [0, T ] and x, y ∈ Rd.

Next we consider the continuity of

the density function.
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Theorem Let t ∈ (0, T ] be fixed. Assume that

∃β ∈ [0,1] and a conti. func. ρ s.t. ρ(0) = 0,

|q(s, x; t, y1)− q(s, x; t, y2)| ≤ (t− s)−(d+β)/2ρ(|y1 − y2|)

|∇xq(s, x; t, y1)−∇xq(s, x; t, y2)|

≤ (t− s)−(d+2β)/2ρ(|y1 − y2|)

for s ∈ [0, t) and x, y1, y2 ∈ Rd. Then, for any ε ∈ (0,1),

|p(0, x; t, y1)− p(0, x; t, y2)|

≤ C̃t−[d+β(1−ε)]/2ρ(|y1 − y2|)1−ε

× exp

−γ̃min{|x− y1|2, |x− y2|2}
t

 .
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Remark: Consider the case that Xx is a d-dimensional

standard Brownian motion. In this case,

q(s, x; t, y) = (2π)−d/2(t− s)−d/2 exp

−|x− y|2

2(t− s)

 .

Then,

|q(s, x; t, y1)− q(s, x; t, y2)| ≤ C(t− s)−(d+1)/2|y1 − y2|

|∇xq(s, x; t, y1)−∇xq(s, x; t, y1)| ≤ C′(t− s)−(d+2)/2|y1 − y2|.

Hence, we let β := 1 and ρ(r) := Cr.
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Proof. By the interpolation inequality,

∣∣∣∇ξq(s, ξ; t, y1)−∇ξq(s, ξ; t, y2)
∣∣∣

≤ C(t− s)−d/2−β(1−ε)ρ(|y1 − y2|)1−ε

× max
η=y1,y2

exp

−εγ+|ξ − η|2

t− s


|q(0, x; t, y1)− q(0, x; t, y2)|

≤ Ct−d/2−β(1−ε)/2ρ(|y1 − y2|)1−ε max
η=y1,y2

exp

−εγ+|ξ − η|2

t



17



|ps(0, x; t, y1)− ps(0, x; t, y2)|
= |E [E(s,Xx)q(s,Xx

s ; t, y1)]− E [E(s,Xx)q(s,Xx
t ; t, y2)]|

≤ |q(0, x; t, y1)− q(0, x; t, y2)|
+

1

2

∣∣∣∣∫ s

0
E [E(u,Xx)⟨[∇q(u, ·; t, y1)(Xx

u)

−∇q(u, ·; t, y2)(Xx
u)], b(u,X)⟩

]
du

∣∣∣∣
≤ Ct−d/2−β(1−ε)/2ρ(|y1 − y2|)1−ε max

η=y1,y2
exp

−εγ+|x− η|2

t


+ Cρ(|y1 − y2|)1−ε

∫ s

0
(t− u)−d/2−β(1−ε)

× E

E(u,Xx) max
η=y1,y2

exp

−εγ+|Xx
u − η|2

t− u

 du
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3. Path-dependent drift perturbation of
symmetric diffusion processes
σ ∈ C1

b (R
d;Rd ⊗ Rd) s.t.

∃Mσ ∈ C([0,∞);R+) satisfying Mσ(0) = 0,

|∇σ(x)−∇σ(y)| ≤ M ′
σ(|x− y|), and

∫ 1

0

M ′
σ(r)

r
dr < ∞.

Assume Λ−1I ≤ σ(x)σ(x)T ≤ ΛI.

Define b ∈ Cb(Rd;Rd) by

bi(x) :=
1

2

d∑
j=1

∂

∂xj

 d∑
k=1

σjk(x)σik(x)


=

1

2

d∑
j,k=1

∂σjk
∂xj

(x)σik(x) + σjk(x)
∂σik
∂xj

(x)

 .
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Consider  dXx
t = σ(Xx

t )dBt + b(Xx
t )dt

Xx
0 = x.

The results by parametrix imply that the transition

probability density function q(t, x, y) exists and

C−
td/2

exp

−γ−|x− y|2

t

 ≤ q(t, x, y) ≤
C+

td/2
exp

−γ+|x− y|2

t


|∇xq(t, x, y)| ≤ Ct−(d+1)/2 exp

−γ|x− y|2

t


∣∣∣∇2

xq(t, x, y)
∣∣∣ ≤ Ct−(d+2)/2 exp

−γ|x− y|2

t


for t ∈ [0, T ] and x, y ∈ Rd.
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Since

1

2

d∑
i,j,k=1

σik(x)σjk(x)
∂2

∂xi∂xj
+

1

2

d∑
i=1

bi(x)
∂

∂xi

=
1

2

d∑
i,j=1

∂

∂xj

 d∑
k=1

σjk(x)σik(x)

 ∂

∂xi
,

the generator is symmetric on L2(Rd, dx). Hence,

q(t, x, y) = q(t, y, x).

Therefore,

|∇x∇yq(t, x, y)| ≤ Ct−(d+2)/2 exp

−γ|x− y|2

t

 .

21



Let b̃ be an [0, T ]× C([0, T ];Rd) → Rd s.t.

B([0, T ])⊗ B(C([0, T ];Rd))/B(Rd)-measurable

and b̃(t, ·) is Bt(C([0, T ];Rd))/B(Rd)-measurable.

Consider the path-dependent stochastic differential

equation  dY x
t = σ(t, Y x

t )dBt + b̃(t, Y x)dt
Y x
0 = x.

We assume

∥̃b∥∞ := sup
(t,w)∈[0,T ]×C([0,T ];Rd)

|̃b(t, w)| < ∞.
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Corollary

Then, the distribution of Y x
t has the density function

p(0, x; t, ·) which satisfies

C̃−t
−d/2 exp

−γ̃−|x− y|2

t


≤ p(0, x; t, y) ≤ C̃+t−d/2 exp

−γ̃+|x− y|2

t


and for any ε ∈ (0,1]

|p(0, x; t, y1)− p(0, x; t, y2)|

≤ C̃t−(d+1)/2|y1 − y2|1−ε exp

−γ̃min{|x− y1|2, |x− y2|2}
t

 .

23



4. Further consideration to less regular

diffusion coefficients dXx
t = σ(t,Xx

t )dBt, t ∈ [0, T ]
Xx

0 = x.

where σ : [0, T ]× Rd → Rd ⊗ Rd.

Assume σ is smooth and consider a priori estimates.

Denote the transition probability density function of

X · by q(s, x; t, y).

Let a(t, x) := σ(t, x)σ(t, x)T for (t, x) ∈ [0, T ]× Rd.
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We assume

Λ−1I ≤ a(t, x) ≤ ΛI, (t, x) ∈ [0,∞)× Rd,

C−
(t− s)d/2

exp

−γ−|x− y|2

t− s


≤ q(s, x; t, y) ≤

C+

(t− s)d/2
exp

−γ+|x− y|2

t− s

 .

Moreover, we assume

d∑
i,j=1

sup
t∈[0,T ]

∫
Rd

∣∣∣∣∣∣ ∂

∂xj
aij(s, x)

∣∣∣∣∣∣
θ

e−m|x|dx ≤ M

where θ is a constant in [d,∞) ∩ (2,∞), m and M are

nonnegative constants.
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We consider the perturbation by path-dependent drift.

Let b̃ : [0, T ]× C([0, T ];Rd) → Rd s.t.

b̃ is B([0, T ])⊗ B(C([0, T ];Rd))/B(Rd)-measurable

and b̃(t, ·) is Bt(C([0, T ];Rd))/B(Rd)-measurable.

Consider the path-dependent stochastic differential

equation  dY x
t = σ(t, Y x

t )dBt + b̃(t, Y x)dt
Y x
0 = x.

We assume the boundedness of b̃. As we have seen,

there exists a density function p(0, x; t, ·) of Y x
t .

Define E(t,Xx) and ps(0, x; t, y) as before.
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Now we see the Gaussian two-sided bounds of Y x
t .

The disadvantage of the setting in this section is that

we do not have the estimate

|∇xq(s, x; t, y)| ≤
C+

(t− s)(d+1)/2
exp

−γ+|x− y|2

t− s

 .

A problem appears, when we estimate∣∣∣∣∣
∫ t

0
E
[
E(s,Xx)r⟨[∇q(s, ·; t, y)](Xx

s ), b̃(s,X)⟩
]
ds

∣∣∣∣∣ .
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∫ t2

t1
E
[
E(s,Xx)r

∣∣∣⟨[∇q(s, ·; t, y)](Xx
s ), b̃(s,X)⟩

∣∣∣] ds
≤ ∥̃b∥∞

∫ t2

t1
E
[
E(s,Xx)rq(s,Xx

s ; t, y)
1/4

×
(
[s(t− s)]−1/2q(s,Xx

s ; t, y)
)1/4

×[s(t− s)]1/8
|[∇q(s, ·; t, y)](Xx

s )|
q(s,Xx

s ; t, y)
1/2

 ds
≤ ∥̃b∥∞

(∫ t2

t1
E
[
E(s,Xx)4rq(s,Xx

s ; t, y)
]
ds

)1/4

×
(∫ t2

t1
[s(t− s)]−1/2E [q(s,Xx

s ; t, y)] ds
)1/4

×

∫ t2

t1
[s(t− s)]1/4E

|[∇q(s, ·; t, y)](Xx
s )|

2

q(s,Xx
s ; t, y)

 ds

1/2
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To estimate

∫ t

0
[s(t− s)]1/4

∫
Rd

∣∣∣∇ξq(s, ξ; t, y)
∣∣∣2

q(s, ξ; t, y)
q(0, x; s, ξ)dξds

we use the estimate

∫ t

0
[s(t− s)]1/4

∫
Rd

∣∣∣∇ξq(s, ξ; t, y)
∣∣∣2

q(s, ξ; t, y)
q(0, x; s, ξ)dξds

≤ Ct−d/2+1/2(1 + | log t|).

By this estimate we have∫ t

0
E
[
E(s,Xx)r

∣∣∣⟨[∇q(s, ·; t, y)](Xx
s ), b̃(s,X)⟩

∣∣∣] ds
≤ Ct−d/2 exp

−γ|x− y|2

t

 .
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Proposition

There exist positive constants C̃−, γ̃−, C̃+ and γ̃+ de-

pending on T , r, d, Λ, ∥̃b∥∞, C−, γ−, C+, γ+, θ, m and

M , such that

C̃−t
−d/2 exp

−γ̃−|x− y|2

t


≤ p(0, x; t, y) ≤ C̃+t−d/2 exp

−γ̃+|x− y|2

t


for t ∈ (0, T ] and x, y ∈ Rd.

To obtain the Gaussian two-sided bound of the limit

process, we perhaps need the continuity of b̃.
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Thank you for your attention!
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5. Remark in the case of starting at t0

Let t0 ∈ [0, T ) and w ∈ C([0, t0];Rd). Consider dZ
(t0,w)
t = σ(t, Z(t0,w)

t )dBt + b(t, Z(t0,w)
t )dt+ b̃(t, Z(t0,w))dt

Z(t0,w)
s = ws, s ∈ [0, t0].

We consider a reduction to the previous case. For

w ∈ C([0, t0];Rd) and w̃ ∈ C([0, T − t0];Rd)

define w ⋊⋉t0 w̃ ∈ C([0, T ];Rd) by

(w ⋊⋉t0 w̃)t :=

 wt, t ∈ [0, t0]
w̃t0+t, t ∈ (t0, T ].
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Let b̃(t0,w)(t, w̃) := b̃(t+ t0, w ⋊⋉t0 w̃)

for (t, w̃) ∈ [t0, T ]×C([0, T−t0];Rd) such that w̃0 = wt0.

Let σt0(t, x) := σ(t0 + t, x) and bt0(t, x) := b(t0 + t, x).

Let Y wt0 be the solution to
dY

wt0
t = σt0(t, Y

wt0
t )dBt0

t + bt0(t, Y
wt0
t )dt

+b̃(t0,w)(t, Y wt0)dt, t ∈ [0, T − t0]

Y
wt0
0 = wt0.

where Bt0 = Bt0+·.

Then, we have

Z(t0,w)(t0 + t) = Y wt0(t) for t ∈ [0, T − t0].

Therefore, we obtain the same conclusion in this case.
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6. Remark on unbounded drift terms.

Consider the one-dimensional SDE dXx
t = dBt + κXx

t dt, t ∈ [0,∞)
Xx

0 = x.

where κ ∈ R\{0}. The solution Xx is explicitly written

as

Xx
t = eκt

(
x+

∫ t

0
e−κsdBs

)
, t ∈ [0,∞).

Hence, the distribution of Xx
t is√√√√e2κt − 1

4πκ
exp

−κ(y − xeκt)2

e2κt − 1

 dy.
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Since

exp

−κ(y − xeκt)2

e2κt − 1

∣∣∣∣∣∣
y=x

= exp

−κx2(1− eκt)2

e2κt − 1

 ↘ 0

as |x| → ∞,

the Gaussian lower estimate does NOT hold.

It follows

exp

−κ(y − xeκt)2

e2κt − 1

∣∣∣∣∣∣
y=eκtx

= 1,

On the other hand, when y = eκtx,

|y − x| = |eκt − 1| · |x| → ∞ as |x| → ∞.

Hence, the Gaussian upper estimate does NOT hold.
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7. A remark of Hölder continuity in time

Let T > 0 and fix T .

Let p(s, x; t, y) be a non-negative Borel-measurable

function s.t.

∫
Rd

p(s, x; t, ξ)dξ = 1∫
Rd

p(s, x; t, ξ)p(t, ξ;T, y)dξ = p(s, x;T, y).

If p(s, x; t, y) is a transition probability density function

of a Markov process, then the equations above hold.
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Proposition

Assume that

|p(t, x1;T, y)− p(t, x2;T, y)| ≤ C(T − t)−d/2−β|x1 − x2|α

p(s, x; t, y) ≤
C+

(t− s)d/2
exp

−γ+|x− y|2

t− s

 .

Then, for s < t

|p(t, x;T, y)− p(s, x;T, y)| ≤ C̃(T − t)−d/2−β(t− s)α/2

where C̃ is a constant depending on

d, C, α, C+ and γ+.
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Proof.

|p(t, x;T, y)− p(s, x;T, y)|

=
∣∣∣∣p(t, x;T, y) ∫Rd

p(s, x; t, ξ)dξ −
∫
Rd

p(s, x; t, ξ)p(t, ξ;T, y)dξ
∣∣∣∣

≤
∫
Rd

|p(t, x;T, y)− p(t, ξ;T, y)|p(s, x; t, ξ)dξ

≤
C+C(T − t)−d/2−β

(t− s)d/2

∫
Rd

|ξ − x|α exp

−γ+|ξ − x|2

t− s

 dξ

=
C+C(T − t)−d/2−β

(t− s)d/2

×
∫
Rd

t− s

γ+

α/2 |ξ̃|α exp
(
−|ξ̃|2

) t− s

γ+

d/2 dξ̃
= C̃(T − t)−d/2−β(t− s)α/2.
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