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Inroduction
Introduction

Finite volume Gibbs measure Pr

o V(-) scalar potential and W (-, -) pair potential

/dex — [TV (Bt ,f " dr [Ty dsW (B, Bs,ts)}

Gibbs measure P

o limy Pr = P, in some sense

o Ground state ¢, of a QFT model H,

ie, H@Qy=info(H)Qg,
and an observable O = (¢y,0¢,) = Ep_[Fp

Fumio Hiroshima joint work with Takeru Hidaka 3




Feynman-Kac type formulae
Feynman-Kac type formulae

dD Schrédinger op.
o h=—3A+V
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Feynman-Kac type formulae

Relativistic Schrédinger op.

o E[e~T] = ¢~1(V2utm?=m) .- sybordinator
0o hp =+ —A+m2—m

(. ") =E[(f,e T Wg)) = [axEE* [F(Bo)g(Br)]

o hr(a,V)=+/(—iV—a)2+m?—m+V

(f,e eV g)
= /deEIEx f (Bo)g(Br; )e—fé V(Br,)ds—i [) a(By)odB;

wiors
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Feynman-Kac type formulae

Schrédinger op. with spin
o 2 x 2 Pauli matrices ¢ = (01, 07,03)
0 hg(a,V)=%(=iV—a)?+V—-1c-b
Thm. [Angelis,Rinaldi,Serva(91), FH-Ichinose-L6rinczi(08)]

(f, —ths(a,V) _etz /dx]Ex]Ea [f(BO,GNO) (BmGN,) ]

a=1,2
t 1 !
Z=— / (v(Bs) - E193(Bs)91v> ds—i / a(By) o dB;
0 O
+ W( — Oy, HN;

© W(x,~8) =log [3(b1(x) +i(~0)b2(x))]
o Oy, = (—1)™ and N; denotes a Poisson process.

Fumio Hiroshima joint work with Takeru Hidaka 6




Feynman-Kac type formulae

Relativistic Schrodinger op. with spin

o hgs(a,V)=+/(=iV—a)?—oc-b+m>—m+V

Thm. [Angelis,Rinaldi,Serva(91), FH-Ichinose-L6rinczi(08)]

(f,e*’hRS(“’V)g) —eli Z /deEan [f(Bo, On,)g (BT, GNTt)eZ]
=1,

t 1 [T
Z—— / V(Br)ds—~ [ bsy(By)6n.ds
0 2 Jo

T; T+
_i/ a(Bs)ost+ W(Bm_eNs—}lNS
0 0

ot
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Feynman-Kac type formulae

¥: Bernstein function

1 1
¥ (5(=iV—a)?~30-b)+V

» Extension of spin

L

o See the 2nd edition of &
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QFT models

- Schrodinger op. +QFT
cH(0)=h,® 1+ 1R H¢(v)
oH(OC) :H(O)+OCHI

- H(at) = 3ground
state?1Gibbs measure?




QFT models

o Nelson model (particle+scalar field)
1
(—%Ax +V)@ 1+ 1@Hi(V) + o (x)

o Spin-boson model (spin+scalar field)

0; @ I+ 1@ Hi(v) + ao, @ ¢(f)

o0 1] o] _ft o
Tt o] T 02T [0 -1
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QFT models

o Ty=—iV,®1— OCA(X)
o PF model (particle+radiation field)

12
— T+ Ve l+ 1@Hi(v
S -Ti+V@l+1@H(v)

o SRPF model (my talk)

\TE4+m?2—m+V@I1+10H{(v) m>0
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QFT models
References

o Self-adjointness Arai (81,83), FH (00,02),
Loss-Miyao-Spohn (07), Haslar-Herbst (08)

o Existence of GS Bach-Fréhlich-Sigal (97,99),
Arai-Hirokawa (97), Spohn (99), Gérard (00),
Griesemer-Lieb-Loss (01), Lieb-Loss (02), Arai(01),
Bruneau-Derezinski (04), Hirokawa-FH-Spohn (05),
Miyao-Spohn (08), Gérard-FH-Suzuki-Panatti (09),
Kdnenberg-Matte-Stockmeyer (11)+many papers,
Hidaka-FH (14)

o Enhanced binding FH-Spohn (02), Catto-HainzI
(02), Arai-Kawano (02), Chen-Vogalter-Vugalter (03),
H-Sasaki (08,14)
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QFT models
References

o Absence of GS Arai-Hirokawa-FH (99), Chen(01),
Derezinski-Gérard(04), Lorinczi-Minlos-Spohn(02),
Hirokawa (06), Haslar-Herbst (06)
Gérard-FH-Suzuki-Panatti (10)

o Multiplicity of GS Bach-Fréhlich-Sigal (97),
Arai-Hirokawa (97), FH (00,02), FH-Spohn (01),
Bach-Frohlich-Pizzo (05)

o Asymptotic field Spohn(97),
Derezinski-Gérard(99,04), Gérard (02),
Fréhlich-Griesemer-Schlein (01, 02)
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QFT models
Reference to my talk

o Betz,FH,Lorinczi,Minlos,Spohn, RMP(01) (Nelson)
o Betz and Spohn PTRF(05) (Nelson)

o Betz and FH,IDAQP(05) (PF)

o FH, J.Funct.Anal.(07) (translation inv. PF)

o FH and Lorinczi, J.Funct.Anal.(08) (PF with spin)
o Hirokawa, FH and Lorinczi, Math.Z (14) (SB)

o FH, Adv in Math.(14) (SRPF)

o Hidaka and FH, to appear in Publ RIMS (SRPF)
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QFT models
SRPF model

(Particle part)
o hpy=vV—-A+m?>—m+V on L*(RY)
(1) lim V(x) =oo

e oo

(@) VAl <allvV=A+m>f| +b]|f]|, a <1

o Particle mass m > 0.

o Masslesscase m=0=—=h=+v—-A+V
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QFT models
SRPF model

(Field part)
o Boson Fock space
L*(Q,dp) =LH{:IT}_; 9(f)) =, f; € Ly (R9)}
o ¢(f) Gaussian r.v.E, [¢¥(/)] = ¢ /417
o Dispersion relation o (k) = \/|k> +v2, v >0
o Free field Hamiltonian Hg(v)

—l‘Hf H ¢ f] H ¢ —ta)f]

H¢ fi): Z ¢(f1)- wf]) 9(fn) :
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QFT models
Quantized radiation field and total system

Radiation field A(x)=(A;(x),A2(x),A3(x)).
o Gaussian r.v. Aa(x) (zero mean)

’(P |2 —zkx kakﬁ
B

EyfAq(x) )dk

o ¢ is UV cutoff and ¢//w € L*(R?)

o Physics "¢ = 1"
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QFT models
SRPF model

Total Hamiltonian
o State space (Hilbert sp) # = L*>(R?) 2 L*(Q)
o Zero coupling op. H(0)=h, @ I+1&@H¢(v)
o Minimal coupling
—iV, @ Il=Ty=—iV, @ 1 — aA(x), a € R.
o SRPF Hamiltonian

H=\/T{+m*—m+Ve1+1@Hi(v) m>0

H has three parameters o ¢ R, m > 0 and
v > 0. Singular caseism=0=v.
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Continuous path case
Gibbs measures for Hpr

Let 0 < f € L>(RY) be fixed and 1 € L?>(Q). Then
(fe e fe)
— e~ LV (BIs( o—ioXuAuK) ) ( Q)}

& :e—fTTv<Bs>dse—<a2/4>uzﬂK’T‘HZ}

=K _e_j;TT V(Bs)ds—%zf,u,v f,TTng fTTdB)/W/Jv]
o B[] = [padxE*[f(B_1)f(Br) -]
o Pair interaction Ww — Wyuy(B; — By, t —s)

o Wuv(X,1) = 2f(p _lkxe_‘t‘w(k)(fsuv—w)dk
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Continuous path case
Ground state and Gibbs measures

Prob. meas. ur on (C(R), %) is defined by

Avs up(A) = ZLTE []lAeST}

T o2 T T
St = — / V(Bs)ds——) / dBt / dBy Wy
T 2 fvJ-T -T

Thm. (Betz+FH (05)) For Va € R,Vv >0, {ur}
is tight on (C(R), %)

Cor. ForVa € R,Vv > 0, 3limy .
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Cadrag path case
Gibbs measure for SRPF model

Let H be the SRPF Hamiltonian.

(fele M fol) =El]
/ V(Br, ds——Z/ dBy dBVWW

o J1,V(Br)ds ™ [O,V(B_1 )ds+ [iV(Br)ds

o JXEY[---]= [dxE*[f(B-1,)f(Br) -]

° Wuv = Wuv(Bt — By, T;* - Ts*)
o T =inf{z

T, =s}
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Cadrag path case

L, is defined by
By x Br 3 A (A) = 7E [le”]

Local Weak Convergence
olLetX;=Br(t>0)and X_, =B_7(—t <0).
o 1 =0(Xgs€[—t1,1])

0 ¥ = Up<sF s

Thm.FH(14) Suppose that H has the unique

ground state. Then 3u., on (D(R),0(¥)) such
that for each A € .7, lim; 1, (A) = Ueo(A)
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Cadrag path case

Proof:
o LetA € .%#,. Show for¢ > s

(A) = &5 [Er |1 .(‘Pt—s(X—s)’ S‘Pt —s(Xs )>
() =e / S T Y I O

op=e'MEfa1, E=info(H)
o J; is a bounded operator on 7

¢t s s(H—E) (f®l,¢,)
o It Ipe= o5 "= ) 1 05100 = 0

t—o0

He(A) =7 €20 JAXE 14 (e (X—s), Jse(Xy))] = Heo(A)
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Ground states of SRPF model
Ground states of SRPF model

Particle mass m and boson mass v

particle mass \ bosonmass [ v>0] v=0

m>0 OK OK

m=0 OK | my Talk

Figure: Ground state
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Ground states of SRPF model

Existence of the ground state and resonances
—— 4 4
Figure: o(H(0)) for v >0

® —o—o
E £ £ B

Figure: 6(H(0)) forv=0

ground state
o/

E [ J

0 @
e
T\ resonance

Figure: o(H) forv=0
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Main results
Main results

Let Va € R,Vm, v > 0.

o Thm1 (Hidaka,FH(14)) Under some
condition on ¢ and V, H is self-adjoint on
Dom(—A) NDom(Hg(V)).

o Thm2 (Hidaka,FH(14)) Let V be confining.
Then dground state ¢, and unique.

o Cor3 (FH(14)) 3. on (D(R),5(2)).
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Idea of proofs and conclusion
Idea of proof

(Uniqueness of ¢;)
o e~ js unitary equivalent to a positivity
improving semigroup

(F,e_tHG) =
Jaxsle YOS (7 (5y) Fje M 5)5,Gi(3r)

/cszX[e-f6V<BTs>dS(F<BO), “e~imK) 1 G(By))] > 0

o Jie (K, positivity improving!
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Idea of proofs and conclusion

(Existence of ¢;)
o (0)v>0= 3(ng
o (1) Pull through formula

IN'2@)|| < cll|x|oy |
o (2) Spatial decay
198 ()l 22(g) < ceMor < e(1+ |x*) ™!
o (1)+(2) imply that
@y — Iy #0 (v —0).
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Idea of proofs and conclusion
Application

[Hirokawa,FH,Lorinczi (14)] SB model
o Path integral representation of X = ((pg,e*BN ®q)

efTHf®11 BN eiTHf(X)]l )

o X=lim| ——2— PV - __J ="
(||e‘”’f®11|| le"TH f 1

T

° X =limEy, e =¢ PVl W) =, [~ (1= D)% 5 W]

o Analytic continuation —-
(9g,e™PNopy) =y, [e—(l—ﬁﬁ),[?wf(;"’w} < oo for v >0
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Idea of proofs and conclusion
Conclusion and remarks

o ForVm,v >0 and Vo € R, (1) self-adjointness of H (2)
ground state 3; ¢, (3) Gibbs meas. Jpl...

o Our results are valid for the case of m=0and v =0
| —iV,®@1—aA(x)|+V & 1+ 1®Hg(0)

o UV renormalization?
Cf Nelson(64), Gubinelli,FH,Lorinczi(14) for Nelson
model
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