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1. Introduction
Joint work with Jian Wang (Fujian Normal Univ./Kyoto Univ.)

Main interest in this talk:

global path properties of symmetric Markov processes

conservativeness/transience/recurrence

o Quantitative characterizations

(= upper/lower rate functions)

Purpose: to establish 0-1 laws for upper/lower rate functions



> ({Bt}t>0, P): Brownian motion on R%, By = 0 a.s.

Kolmogorov's test (e.g., see I1t6-McKean)

> R(t) = Vtg(t) (g9(t) /' oo ast — oo)

o0 2
(U) / g(t)% exp ( 9(t) ) dt < 0o (or = o0)

2 t

—> P (3T > 0s.t. |Bf < R(t) forallt > T) =1 (or 0)

e R(t): upper rate function for the one-probability case

Example. R(t) = /(2 + ¢)tloglogt

(U) <= >0
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Dvoretzky-Erdos’ test (°51)

Assume d > 3 ( <= transient)

> r(t) = Vth(t) (h(t) (0 as t — oc0)

@) [ r®12 < oo (or = o)

— P (3T > 0s.t. |Bt| > r(t) forallt > T) =1 (or 0)

e r(t): lower rate function for the one-probability case

V't

1+e
(logt)d—2

Example: r(t) =

(L) <= >0
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Spitzer’s test (’'58)

Assume d = 2 ( <= recurrent and can not hit any point)

> r(t) = Vth(t) (h(t) \(0 as t — o0)

o gt
(L2) / tlog h(ty < °° (o =)

— P (3T > 0s.t. |Bt| > r(t) forallt > T) =1 (or 0)

e r(t): lower rate function for the one-probability case

Example: r(t) =

t+(log log t)1+e

(Ly) <—= >0
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x Symmetric diffusion processes
o Upper: Takeda ('89), Grigor’'yan-Hsu ('09), Hsu-Qin ('10),

Ouyang ('13)
o Lower: Ichihara (’'79), Bendikov-Saloff-Coste (’05)

0 : Grigor'yan-Kelbert ('98), Grigor’yan ('99)

Characterizations in terms of
e heat kernel estimates

e volume/coefficient growth rates



* Symmetric stable processes
o Upper: Khintchine (’38)

o Lower: Takeuchi ('64), Takeuchi-S. Watanabe (’64),

Hendricks ('70), Khoshnevisan (’97)

* Symmetric Markov processes with no killing inside

Volume/coefficient growth rates

o Upper: Huang ('14), Huang-S. ('14), S. ('15+4)

o Lower: S. ("15+) [transient case]



Purpose: rate functions under heat kernel estimates

Consequence/Advantage
o 0-1 laws for symm. jump processes with no scaling property
o no use of the condition “d(o,x) € Fi,”

(= “symm. a-stable-like processes with o« > 2”)

Related work: P. Kim-Kumagai-J. Wang (’15, arXiv)

LIL for sup d(Xs, Xp) and local times
0<s<t



2. Results

> (X, d): loc. compact, separable and connected metric space
> m: positive Radon measure on X with full support

> (€, F): regular Dirichlet form on L?(X;m)

> M = ({Xt}i>0, { Pr}eex): m-symmetric Hunt process

generated by (£, F)



~ Assumption.
Ip(t, x,y): nonneg. symm. kernel on (0,00) X X X X s.t.

o Pr(X: € dy) = p(t, =, y) m(dy)

ep(t + 5,2, y) = /X p(t, , 2)p(s, 2, y) m(dz)

Moreover, dstrictly inc. positive functions V and ¢ s.t.
1 t

Ve-1(t) " V(d(z y))d(d(a 1))

p(t, z,y) <
(B B <ol erenen

dy
<R>d3<qb(R) - ; dy
c3 | _qb(r)_c4<?> 0<r<R< )

\




Remark. Under Assumption, m(By;(r)) < V(r) [KKW ('15)]

~ Theorem 1 (with J. Wang). N
e di > dy4 (= transient)

e B, (r) is relatively compact for any x € X and » > 0

> p(t) = ¢~ (t)g(t) (9(t) 0 as t — o)

>0 V(ep(t))
1 d(p(t)V(ep~1(t))
— for all x € X,

dt < oo (or = o0)

P, (3T > 0s.t. d(X¢,x) > @(t) forallt > T) =1 (or 0)
NS /




~ Theorem 2 (with J. Wang).
e di = dy = d3 = d4 (= recurrent and can not hit points)

> p(t) = ¢ (t)g(t) (g(t) 0 as t — oo)

dt < oo (or = o0)

| dios
1 t|logg(t)]

— for all x € X,

P, (AT > 0 s.t. d(X¢, ) > (t) forall t > T) = 1 (or 0)
N




Example.

Assume that da > 0 and 3 > 0 s.t.

1 t
t0/8 " d(w, y)o TP

(*) pit,z,y) <

oV(r) <Xr® (=dy =d2 = a)

¢ p(r) X P (= d3 = dy = B)

— U\NL) — U 2 4 o ™m r)m
£ (u, u) = //XXX\diag< () — u(y))? I (2, y)m(dz)m(dy)

F = {u € LX(X;m) | E(u,u) < oo}



Remark.

(i) (%) is valid if 3o > 0 and 3 € (0, 2) s.t.

1

m(Bg(r)) < r, J(x,y) < d(x y)a_|_5

[Chen-Kumagai ('03, '08)]
(ii) B > 2 for some subordinated diffusion processes
[Kumagai (’03), Bogdan-Stés-Sztonyk (03)]

+ Okura (’02): subordinated symmetric Markov processes



oV (r) xr® o(r) <P

(i) a > 3 (transient):

>0 V ((t)) / p(t)™~ B
1 ¢(90(t))V(</5‘1(t)) t/P
> p(t) = v 1te
(log t)a—~

e>0(<0)—=

P, (AT > 0 s.t. d(X¢, ) > p(t) forallt > T) =1 (= 0)



eV (r) <X r® ¢(r) xrP

(ii) o = B (recurrent and can not hit any point):

1
»—1 (t)t(log log t)1+¢€

1
<:> Qo(t) — t(log logt)l—l—e )

1 tllogg(t)]  ~ J1 t(logt)(loglogt)lte

> g(t) = (e > —1)

e>0(-1<e<0) =

P, (AT > 0s.t. d(X¢,x) > p(t) forallt > T) =1 (= 0)



(ili) Upper rate functions:

> ¢(t): increasing function

© 1
(%) /1 WOL dt < oo (= o0) —

Py, (3T > 0 s.t. d( X, z) < (t) forall t > T) = 1 (= 0)

1—|—€
> p(t) = tﬂ(log t) B

(¥%) <—= €>0




Example [S. ("'15+)] Assume that

o do(x) = d(o,x) € Fioc (0 € X: fixed point)

o By(r) is relatively compact for any x € X and r > 0

If 3 a >0, 3 € (0,2) s.t.

1
(z,y)otP

m(Bo(r) S 7% J(@,y) S -

—> Ve > 0, for g.e. x € X,

1 14-1te
P, (HT > 0 s.t. d(ZB,Xt) < tﬁ(log t) B forallt >T ) =1



3. Sketch of the proof for Theorem 1.
> Q(x,r,t) = Py (ds >t s.t. d(Xs, xg) < 1)
By the Markov property,

Q(xz,r,t) = Ex |Px,(3s > 0 s.t. d(Xs, z0) < 1))
= / p(t,xz,y)Py(3ds > 0 s.t. d(Xs,x0) < r)dy
X

Proposition. Vx,xg € X with d(x,xg) < r and t > ¢(r),
Vi(r) t

d(r) V(o= (1)

Upper: Grigor'yan-Kelbert ('01)/Lower: Capacity estimate

Q(ma T, t) ~
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Proof of the one-probability result.

> Ap = {3s € (tn,tn+1] s-t. d(Xs, Xo) < p(s)}

dc > 1 s.t.
Ap C {3s > tp s.t. d(Xs, Xo) < co(tn)}

because for all n > 1 and s € (tn, ty11],

p(s) = gb_l(s)g(s) < C¢_1(tn)g(tn) = cp(tn)



—> Pp(Ap) < Pz (3s > ty s.t. d(Xs, Xo) < cp(tn))

= Q(x, cp(tn),tn)
_ V(e(tn)) tn
Prop. ¢(p(tn)) V(6 1(tn))

Vi(r) t )
¢(r) V(p~1(t))

(Q(a;, r,t) <



—> Pp(Ap) < Pz (3s > ty s.t. d(Xs, Xo) < cp(tn))

= Q(x, cp(tn),tn)
_ V(QO(tn)) tn —tn—1
Prop. ¢(p(tn)) V(6 1(tn))

Vi(r) t )
¢(r) V(p~1(t))

(Q(a;, r,t) <

V(p(s))

L dle(e)V(ei(s)) °

o0
Y Pu(An) S
n=1

Hence P;(A i.0.) = 0 by the Borel-Cantelli Lemma



Proof of the zero-probability result.

> 6 > 1 (large enough)
> Bp, = {3s € (0™,0™ 1] s.t. d(Xs, X0) < p(s)}

Jdc = cg € (0,1) s.t.
By O {33 c (0™, 0™ s.t. d(Xs, Xo) < c¢(9"+1)} — Cp
because for any s € [9™, 0" 11],

cp(0"Th) = ep™H(O"TH)g(6™ ) < ¢ H(8)g(s) = (s).

Hence the proof is complete if P,(C), i.0.) = 1.



% Generalized second Borel-Cantelli lemma

[Chung-Erdos ('52), Takeuchi ('64)]
oo
(i) > Pe(Cp)=o00 (i) Px(Cpio.)=0o0r]l
k=1
(ili) Jc > 0 s.t. for each fixed 3 > 1,



> Cp = {3s € (6™,0™ 1] s.t. d(Xs, Xo) < cp(0™11)}
> op = inf {s € (0,61 | d(Xs, Xg) < cp(6™T1)}

By the strong Markov property at time o,

Pa:(CzﬂCj) < P:I:(Cj) sup Pz(Dij,a;) [“z = Xaj”]
d(z,x)<cp(6IF1)

> Diip = {3s > 6" — 071 sit. d(Xs,z) < cp(6*T1)}
d(z,z) < cp(@It) < ¢~1(0*—6711) (x and z are “close”)

— p(0'— 60, 2, y) < p(6 — 07Tz, y) (Vy € X)



p(8° — @7 2 y) < p(6* — 09T 2, y) (Vy € X)
— Pz(Dij,x)

— EZ[PX‘9 (3s > 0 s.t. d(Xs, z) < cp(0*T1))]

i_gj—l—l
(ds > 0 s.t. d(Xs, ) < cgo(Hi_i'l))]

= Py(Djje) S Po(Ch)

Y

Prop.




