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X}, V2E R: position and velocity of a particle at time t.

dX} = VX dt
dV, = —bV N dt — AVg(X))dt + o(X;)dBy,

(X(>)\a VOA) = (Xo, Vo),
(0.1)

with
b > O0: constant (coefficient of friction),
A > 1: parameter (later, A — o),
g € C3° (R; R): potential function,
o € C°° (R; R), positive uniformly
(X0, Vp): initial condition, | X g | big enough.

“Hamiltonian H (z, v) = % |v|? 4+ Ag(x)" + friction + randomized

Problem: Behavior of the particle as A — oco.




Motivation (reason for A — oo): Mechanical model of Brownian motion.

Massive particle(s) in an ideal gas environment.
The Newtonian system with Hamiltonian: H =

N 1 2 1 2 N
2.5—=1 2 M3IV31% + 2(e,0) ™IV + 2521 2 (a,v) Ui (X — ).

equivalently, (totally deterministic as long as the initial condition is given)

(L X;(t,w) =V;(t,w), i=1,---,N,

M; £ Vi(t, @) = — [pdy gpd bw(de, dv)
'VU’L(X’L(t’ w) — m(t9 Ly, U, QJ)),

) (X0, ), V3(0,w)) = (X;5.0, Vi.0)

%w(t, x,v,w) = v(t, z, v, w),
m%v(t,w, V,w) = — Z,I],V:]_ VU;(z(t, =z, v,w) — X;(t,w)),
\ (z(0,z,v,w),v(0, 2, v,w)) = (&, V).

with initial condition (&, v): Poisson point process, v and the density ~ 1~ 1/ 2,

Aim: Behavior of the massive particle(s) when m — O.



Py, (dw): (probability on Co'nf(Rd X Rd)),
the Poisson point process with intensity A 41,

d—1
A (de, dv) = m 2 p(%|v|2 + N U= - X,,;,O))da:d'v,

then (Kusuoka-L. (2010))
M;V;(t \ o)
=~ initial + martingale + differentiable term

—m /2 fg/\a v.,U(X(s))ds,

with |the jump of the martingale term| < cml/2,

U: new potential for X, (with no light particles as
mediates)



Let 73 > 0: g(x) = O(V|x| > r3).
—> In the domain |x| > 73, A has no effect
— In the limit A — oo, we get the same SDE:

dX)} = V) dt
dV)} = —bV N dt + o(X}))dBy,

The behavior at | X¢| = r3 (and V; - X < 0):

(I) if 360 > 0 s.t., g(a:) >0 for |£B| & (’T‘3 — 60,’1"3)
— g gives a repulsion

— after A — oo, we get a reflective diffusion
— Kusuoka (2004)

(ii) In this talk: g(x) < O right after entered |x| < 7r3:
— g gives an attraction
— after A — oo, | V| becomes co.



dr1 € (0, r3) s.t.,
g(x) < O0(xz € (r1,73)),
g(r1) =0,
g’(r1) <O.

Related result: L. (2013):
the same potential (i.e., attracting) but with relative efficacy
— resulting in a stochastic process with two phases: a diffusion
phase (for | X¢| > 73) and a uniform motion phase (for

| X¢| € (r1,73)).

In this talk: without relative efficacy



(In the limit A — o0),
e V. becomes oo right after it enters the domain | X¢| € (71, r3),

e it could then never leave this domain.
Indeed, let H* := 1|V |? + Ag(X}), then by lto’s formula,

1
dH, = —b|V}|?dt + Vo (X)) dt + 5az(xj)dt,

hence H;* becomes negative before its first hitting time to 71 .

So it is meaningless to consider the limit behavior of X" itself.



Forany f € Cp(R), let
b ¢ bY
v/ = [ Fx2)ds
0

(Since f is bounded, { the distribution of {th AL > o}; A > 1} is
tight).

Aim: The limit of the distribution of {Y,”**;¢ € [0, c0)} as

A —> oo.

W.lo.g., let Xg = rg and Vg < O.



A related known result (Sugiyama): g(x) = ax?® (a > 0), i.e
(dax} = vdt

AV = —bVRdt — 22aX]dt 4+ o(X)dBy,

(X3, V3)) = (=g, vg),

Then
X] = ,(@lines) VP = ..., (5 lines)

soforany T > Oand f € C’% (R),

Jlim EH /T F(X)dt

1 —1 ||
—2/ / T A 2 f(2)h(u, zc)dudmu

here
1

h(u, z) = .
w\/az(z)e_zbu — 2




Consider the non-random case:

dazi‘ — vi‘dt,
dv)} = —bv}dt — AV g(x})dt,
(m?)\’ ’Ué‘) = (r3,v),

with v < 0.

Same as the random case, the particle could never leave (71, r3).

Problem: The range of the particle.

Let

1
hi‘ = §|’vi‘ 2 —I—)\g(mi‘), ji‘ = A_lhi‘.

Then 3¢ := lim) _ oo ji‘ gives us the range of the particle (of the limit

process) around time .



Assume that g in (71, r3) is single-well, i.e., Ir> € (7r1, r3), s.t.,

e g(x) is strictly decreasing (write the inverse: g~ 1),
e (ry1,r2)
e g(x) is strictly increasing (write the inverse: g —*'2)
xze(re,r3)
+ some technical condition.
Then
e j. < Oforanyt > O,
o dj, = —21;(;,',5 — Agg(jt)>dt, jo = 0, with
Sy (3)
Af(e) = L, =€ (—lgllecs0),

S1()

—1.2,.
< (J) F(y)

S 1) 1 — Sg ) :=\/§ g dvy.

£ ACk /9_1’1(.7') Vi — g(y) Y

Idea: balance of “time for each trip” and “decay of energy during each trip”



Come back to the random case.
Let

1
Jp = ATTHY = DAV 4 (X)),

(J¢ := limy oo Jt>‘ gives us the range of the particle (of the limit
process) around time t).

Theorem. Under the above assumptions, for any f € Cp(R), we have
that when A — oo, {(Jg‘, th’>‘); t € [0, oo)} converge to
{(Ge, [§ A9 f(4s)ds);t € [0, 00)} weakly in (W, dist).

Here W — C ([0, co0); Rz) and for Vwq, wo € W,

dist(wy, wg) = 192 2—n(1 A [maxte[o,n] lwq (t) — w2(t)|]).

Remark: Non-random limit ONLY for d = 1
For d > 2: same limit for | X¢ |, but random limit for the direction



Open problem. In our (motivating) mechanical model
of Brownian Motion: Is b negative-definite?

The corresponding “limit” generator

2
— 1 N d ¥ o
L1 =3 2 kqy,kog=1 217,lo=1 %k1ly,kaly (X) Ly ;T
8Vk oV
1 ko
N d 2\ -2 8
Zkzl,kzzzl le,lzzl bk',]_l]_ ykolo (X)szz l1 T
c’?Vlc
1
N d i O
. vi_O _
Zk::l Z17,:1 k 8X,7<"l ’

with

/E (/ YV U’i,("'tb (t, &L, v, X) e X,':)Z(t, T, v, .X, V, —t)dt)

— OO

1 d N

2 > 4

Xp(—|'v| )u(d,a:, d'u) = ;J ;J b,ll.,g‘e(.}()‘/‘7 .
2 =1 5=1

E = {(z,v) € RY x (R?\ {0}); = - v = 0},



z(t;x, v, X \ ‘7, a) € R denotes the solution of the following standard differential equation.

;t—222(t) = — Zf;\r:l v2u, (P (t,z,v, X)) — X;)(Z(1) — (t + a) V),

limy_, o Z(t) = limy_, _, & Z(t) = 0.
(we have that z (t; @, v, X, V, a ) is a linear function of ‘7).

'L,b(t,ac,'v;)_f) ¢ = sioocp(t + s, @ — S’U,’U;X),

( d O — 1 —
— @ (t,z,v; X) = ¢ (¢, 2, v; X)
dt
;‘P (ty e, v; X) = — Z VUz(‘P (t, =, v; X) — Xq,)

=1
(0] S 1 >
(‘P (Oaw’v§X)9‘P (O,w,'b’;X)) — (w9'u)'




An important estimate for the proof: 3C > O, s.t.,

1/4 1
E| sup |V|* / < CA2, 2> 1.
t — il
te[0,T]

Proof. By Ito’s formula,

dHP = —b|V M 2dt + VDo (XD )dBy + 1o (X)2dt, so
X2 Y Y

t bN 2
Therefore,

E[ sup |Vt>‘|4]

te[o,T]
< Gt oan)Tran s (2 f) vRooan.)’]
< 2(C’1—|—C’2>\)2—|—32||o-||goTE[ sup |vt>‘|4]1/2.

tc([0,T]



In general, for any cq, co € R+, we have that

Therefore, we get that

1/2
E[ sup |Vt>‘|4} /
te[0,T]

< 3203, T+ \/2(01 + 02A)2

= 32|02 T + v2C] + i

forany A > 1.

Q.E.D.



Main idea for the dealing with randomness:

e Forany { M (t)}+>0: continuous martingale, I{ W (%) }+>o:
BM, s.t., M(t) = W ((M, M);).

e For any standard BM {Et }t>0' we have the following:

() limg—y oo P({ inf, < g(eu + Bg) < —a}) — Oforanye > O,

(i) limg—y oo P({ES — &8 > O for some s > a}) — O forany € > O,

. |§t—|—3_§8|

(iii) P( lim supgs_30 {SuPOSSSt—I—SST,tSe Vaelos oic } —
1) =1




Thank you!



