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This talk is based on the following papers:

e Kim-K, Analytic characterizations of gaugeability for gener-

alized Feynman-Kac functionals, 2013, to appear in TAMS.

e Kim-K, General analytic characterization of gaugeability for

Feynman-Kac functionals, preprint, 2013.

e Kim-K, On a stability of heat kernel estimates under Feynman-
Kac perturbations for symmetric Markov processes, 2015, in

preparation. (cf. Kim-K (2014) for a-stable process).

e Kim-Kurniawaty-K , Analytic characterizations of gaugeability
for generalized Feynman-Kac functionals and its application,

2015, in preparation.



1 Gauge function (History)
Dirichlet Problem: D: bdd regular domain in R?, f € C(0D).

Au =0inD
u = fondD

—> u(x) = E;[f(X+,)]- (Kakutani(1944))
V': Borel

Au+Vu =0inD
Uu = fon 0D

—> u(xz) = Eglexp | [,° V(Xs)ds| f(X:,)]?



For this, we need

gpv(x):=E, [exp [/ V(Xs)ds” < oo for all € € D.
0

We call gp v gauge function for (D, V).

Thm 1.1 (Gauge Theorem, Chung-Rao (1981))
Suppose |D| < oo and ||V || < oo. Then TFAE:
(1) gpv(x) < oo for some x € D (gp,v Z 00).
(2) supgp,v(x) < oo.

xeD
We call (D, V) gaugeable if (1) or (2) holds.



Aizenmann-Simon (1982): Study of K , K'’°.
Zhao (1983): d > 3, D: bdd, V € Kr-.
Chung (1988): d > 3, 1pV € K, N L'(D),
d>1, |D|l <oo, 1pV € K.

Chung-Rao (1988): general Markov, but bdd D.
Zhao (1989): V € K, |D| < co =

21615 Jovx Go(x,y)|V(y)|dy — 0 as cpt K 1 D.
Zhao (1992): D =R% d > 3. V € K.
Sturm (1991). Glover-Rao-Song (1993) : GT for V = “Au”.
Chen-Song AOP(2002), PTRF(2003).
Chen (2002). Takeda (2002). Chen (2003). Getoor (2004).
Taekda-Uemura (2004).




2 Framework

(E,F) : regular Dirichlet form on L?(E;wm).
X = (2, X, P, ¢) : m-symmetric transient Hunt process on E

satisfying the following conditions :
(I) : X is irreducible.
(AC) : P(x,dy) < m(dy) forallt > 0 and = € E.
(AC) follows the (resolvent) strong Feller (RSF) property:
(RSF) : R,f € Cy(FE) for any f € B(FE), and Va > 0.

But we do not assume (RSF) in our main results!



Under (AC), we have resolvent kernel R,(x,y) and Green

kernel R(x,y) and set for non-negative measure v

R.v(x) := [, Ra(z,y)v(dy), Rv(x) := [, R(x,y)v(dy).

Q:f(x) := E.lea(t) f(X:)]: Feynman-Kac semigroup
ea(t) := exp(Ay),
A= AP = NP+ AV 4+ AT,
p=p1— p2 € S1(X) — Si(X)
: signed smooth measure in the strict sense.

S1(X) dv & AY € Aj,l: Revuz correspondence, i.e.

E,. [/OOO e_atf(XS)ds] = Em [/000 e *g(X,)dAY| .



F: asymbdd ft. on E X E with F(2,8) =0, F € J(X) &

N(|F|)pmr € S:1(X),

(N, H): Lévy system, N (|F|)(x):= [|F(x,y)|N (x,dy),
Af += Zo<s§tF(Xs—va)°

N}*: CAF of 0-energy part for u € F.NCx (E) with py,y € Sp(X):
for all t € [0, oo|

u(X¢) — u(Xo) = M + N/ P, -a.s. forall x € E.

Schrodinger operator ‘H := “L + Lu + pu + pgF”, where

Ff(@):= | (e"@¥) — 1) f (y) N (x, dy).

It is known that

Q(f,9) = (—Hf,9)m & Quf(x) = Exlea(?) f(Xy)].



3 Kato class, Green-tight Kato class

vE S (X)(d:efﬂ/ € S1(X), 11m sup Rov(x) = 0.

O xcFE

vESE (X)<g>1/ € S1(X), llm sup Rov(x) < 1.

X reFE

v € SH(X) N = S1(X), sup Ryv(x) <oo I/Va > 0.

xelk
v € Sp, (X) (Green-bounded)

&y e S1(X), sup Rv(x) < oc.

rekl

v € Si_(X) (Zhao's Green-tight Kato class)
(d:ef> v € Sx(X) & Ve > 0, IK(C E) : compact set s.t.

sup Rlg-v(x) < e.
reElR



v € Sk, (X) (Zhao's semi-Green-tight extended Kato class)

VL NY= St (X) & 3K (C E) : cpt set s.t. sup Rlg.v(x) < 1.

xel
v € Sty (X) (Chen’s Green-tight measures of Kato class)

e S1(X), Ve > 0, AK(C FE) : Borel set s.t. v(K) < oo

& 36 > 0 s.t. V mea’ble set B C K with v(B) < 9,

Sup R].BLJKCV("L') < €.
reklk

v € Sig, (X) (Chen’s semi-Green-tight measures of extended Kato

class)

N = S1(X), AK(C FE) : Borelsets.t. V(K) < oo & 36 >0

s.t. V mea’ble set B C K with v(B) < 9,

sup Rlpyg-v(x) < 1.
xeElE



v € Syk_(X) (Natural Green-tight measures of Kato class)

N = S})O(X), Ve > 0, AK(C FE) : Borel set & 36 > O s.t.

V mea’ble set B C K with C¥(B) < 9,

sup E,[A”
reElE

| <e. (Rem: E.AY | < Rlgeypr(x) )

TKCcUB TKCcUB

v € Syg, (X) (Natural semi-Green-tight meas. of extended Kato class)

def v € S (X), 3K(C E) : Borel set & 36 > 0s.t. V mea’ble
set B C K with C¥(B) < 6,

supE.[AY | < 1.

+CE TKCcuUB
Here C" is the 1-weighted capacity w.r.t. the time changed
process (X,v) defined by (X,v) := (2, X,,,P,), where 7, :=
inf{s > 0 | AY > t} is the right continuous inverse of AY.



ILem| 3.1 ( Chen (2002), Kim-K (2013) & Kim-Kurniawaty-K (2015)
(1) St (X) C Sgg, (X) C Sp (X).
(2) S&x (X) C Sk (X) C Sk(X) & Sk (X) C Sk (X) C Sk (X).
(3) Stx_(X) C Spx_(X) C S(X) &Sk (X) C Sy, (X) C Spx(X).
(4) SLy (X) = Sk (X) under (RSF).
(5) Shk_(X) = S (X) = S (X) under (RSF)+ Feller property.

(1)-(2) is proved in Chen (2002) . (3)—(4) is proved in Kim-K (2013) .
(5) is proved in Kim-Kurniawaty-K (2015) .

Rem 3.1 (Advantage of Sy, (X))

Séx, (X) may not be stable under Girsanov transform.



3.1

Kim-K (2013)

Thm 3.1 (Kim-K (2013) ) Suppose p11 € Sxy, (X),
Py + N(Fi)pm € Sy (X) and py + N(F2)pa € Sp (X).
Then TFAE:

(1) (X, A) is gaugeable, i.e., sup,c E; [ea({)] < oc.
(2) X2(f1):=inf{ Q(f, f) | f € F N Co(E), [, fAda,=1} > 0,

where fiy := N(V)pg + p1 + 545, 2 := N(F)pm + pe,

V=G, — F,) + Fi(=V >0),

G, :=e"™ — 1, Fu(z,y) := F(z,y) + u(x) — u(y).



3.2

Kim-Kurniawaty-K (2015)

Thm 3.2 ( Kim-Kurniawaty-K (2015) ) Suppose that
pi+N(e" — ) pg € Sy (X)), puy € Sy (X) and
p2 + N(F)pg € Sp (X) hold.

Then TFAE:

(1) (X, A) is gaugeable, i.e., sup,c5 E; [ea({)] < oc.
(2) X2(f1):=inf{ Q(f, f) | f € F N Co(E), [, fAda,=1} > 0,



In proving [Thm 3.1, we use the following MF Z;:
Z, 1= l/;le—Afb’

where Y,! := Exp(M,) is the stochastic exponential of M;, the
sol. of SDE: Y;! = 1+ [YY!dM, and M, := M,"* + M; ™",
and MtG? is the purely discontinuous MAF satisfying AMtGif =
GY (X, X;) = eft'(Xe—X) _ 1 defined by
M = M7 4+ M7 4+ S (GY — FY 4 F) (Xoms Xs)
s<t

t
—/ N(G*— F*+F,)(X,)dH,.
0



In proving [ Thm 3.2, we use the following MF Uj:
U; := EXp(Mt) "= eMt_% M) H(]- + AMs)e_AMsa
s<t

with AM; := M; — M;_, the sol. of SDE: U; = 1 + [, U,_dM,,
M, := M? ~' 4+ M;™° and M? ' is the purely discontinuous
MAF satisfying AM? ! := (eV —1)(X;_, X;) = evXe-)—u(Xy) _
1 defined by

Mg 7= MY+ M) (€Y - U - 1) (X, X)

s<t
t
—/ N(EY —U - 1)(X,)dH..
0

with U (x,y) := u(x) — u(y).



The transformed process U := (2, X;, PY) defined by
P f(z) := E [f(X1)] i= Eo[Usf(X4)]  f € By(E).

Then PV is e ?“m-symmetric ( Chen-Zhang (2002)). Let (€Y, FY)
be the associated Dirichlet form on L2(E; e~ 2*m). Then (€Y, FY)

has the following expression: F = FV and

1
8U(f, f) — 5 /e—2u(w)u?f>(dw) _I_/E(;Z:lgw)_f(y))Ze—u(m)—u(y)J(dwdy)

E
+ / f(x)2e @k (dx).
E
for any f € FY. Moreover, for ir; := pu; + N(e¥ —U — Dpg +

%“?u)’ Uy := g and U 1= Uy — Uy,

O(f,9) = €V (fe", ge)— [E fodo— | f@g(eF—1)N(-,d-)duz.

ExXFE



-: It suffices to prove the case m(E) < oo, m € S}, (X)

in view of time change method, because the gauge function

ga(x) = E,[ea(¢)] = Ezlea ,m([y g(Xs)ds)] is invariant under
time change by PCAF AJ™ := f(fg(XS)ds with strictly positive g
satisfying gm € S}, (X), where 7" is the r.c. inverse of A;".

_: The proof for the case u = 0, m(F) < oo, m €
Sp,(X) can be done along the same method as in Chen (2002)

with a suitable modification under our conditions:

p1+ N(e" —1pm € Sy, (X), p2 + N(F2)pu € Sp, (X).
Thm 3.3 (Gauge Theorem under u = 0) Under the above conditions,

suIE) E.lea({)] < oo & Eilea(()] < oo dx € E.
zE



-: Consider the Girsanov transformed process U by U,
and its subprocess U® killed by e?t. We prove for small 3,

e~ 2" (nrtN (e —1) ) ESNg, (UP), e (nztN (F2) umr) € S, (U'?).
Here n; := Bm+v; (1 =1,2)and vy := p +N(eV —U—-1)ug+
%u‘fw and Uy := uo. Then we can apply _ so that

akeda-Uemura (2004 7
A2(fiy) >0 TokedarGgmurg (2009 A2(m) > 0 & sup EU [eP6HAHAL] < oo
zel

= sup EU[e 4] < oo« sup Exlea(¢)] < oo.
reFE rel

because E" {eAgJFA?} = e*(®E, [e_“(XC—)eA(C)} and

F C 17 F v F
EU(B)[ BC—I—A +A; ] — ,BEU [/ AY+ A dS] 4 EU[ Al+A; ]
0



-: We need to prove the converse

o (B) o
sup EV[e¢4¢] < co=> sup EV PePHATAL < oo
r€eE rxekl

It suffices to prove
C L F
Eg [/ e T4s ds] < oo for dx € FE.
0
This is equivalent to

sup EY et A < 0o
xel
under e *“(; + N(e" — 1)py) € Sy, (U) and e 2 (0 +

N(Fs)un) € Sb, (V).



I5th'Step|: We should prove ¢ (i, + N (e’ —1) ) € Spy (U)

and e (s + N(Fy)p) € Sp, (U). For this, we need to prove

the super gauge theorem: For p > 1, put F(l;)) := pF, G"(*‘p) =

e'® —1 and V) := G}, — F*) + pF. Define i? := i{ — iy by
2

py = N(Vip)pu + ppr + %u?u>, py = N(pF2)pg + ppe.

Set

A" (@}) := inf {Q<P>(f, f)| fec, [E fAda? = 1} ,

where QP is the quadratic form defined for pu, pu and pF as
well as QO is defined for u, u and F'.



- 3.1 (Super Gauge Theorem)

Suppose that 1, + N (e —1)pg € Sy (X), ) € Syg_(X) and
po+ N (Fy)pg € Sh (X) hold. Assume A°(iy) > 0. Then Ipy > 1
sufficiently close to 1 s.t. A2” () > 0 for any p € [1, po], hence

sup,c s Ex[e(C)?] = sup,cp Exlepa(C)] < oo for any p € [1,po].

Lem| 3.2 Suppose that p(,y € Szl\rKoo(X) holds. Then 3py > 1 suffi-

ciently close to 1 s.t. sup,cp E.[U{] < oo for any p € [1, po].

B8R 3.1 v ¢ Sk, (X) implies e~ **v € Sy (U).

In particular, we have ¢ *“(; + N (e — 1)) € Sy, (U) and
e2u(5 + N (F)pnr) € Sh, (V).

The proof of [Thm 3.2 is now complete.



Jp¢(x,y) s.t. fort > 0and x € E, y — p(x,y) is f.c.

Ass 3.1 Let (g, .7?) be another symmetric Dirichlet form on L?(E;m)
having no inside killing and F = F. Suppose that there exists Cg > 0

such that Cz'm < m < Cpm and for each i = c, j

~

CH'ENf, f) < E(f, f) < CrE(f, f) for f € F=F.

Then (€, F) admits a heat kernel p,(x, y) satisfying that for each t > 0

and x € E, y — p(x,y) is finely continuous and there exists C, > 0
and k > 0 such that

Cle ™ py(x,y) < pr(x,y) < Cpe®py(x,y) t>0, z,y € E.



Under what conditions, p{*(x,y) on ]0,+oo[XE X E also
satisfies the following estimate?:

There exists C, > 0 and k > 0 such that

Cle " py(x,y) < pi'(z,y) < Cpe'p(z,y) t >0, z,y € E. (1)

We write p(z,y) < pu(@, y) for (1).

Thm 3.4 (Kim-K (2015)) Assume that X is transient. Suppose that
Ass 3.1 holds with k = 0. Assume p1; + N (e — 1)pup € Spy, (X),
Py € Sy (X) and po + N (Fy)pug € Sp, (X). Then AC(ji1) >0
= p; (z,y) <o pe(T, ).

Rem 3.2 Takeda (2006), Takeda (2007), Kim-K (2014).




4 Maximum principle of generalized Feynman-Kac semigroups

X: (resolvent) strong Feller transient process
p1+ N(F)pa + pwy € Sk (X) = Sgg_ (X).
H2 T N(Fz)/,l,H - Sll)o(X)’ N(FQ)[,LH & S}{(X) and F1 . F2 = 0.

SH"(Q) := {h € B(E) | h is upper bounded and h < P/*h on E}
and define the maximum principle by

(MP) If h € SH"P(Q), then h(xz) < 0 forall z € E.
‘Thm 4.1 Assume that
(A) E, [e—Aé'?—Afoz ¢ = oo} — 0.

Then (MP) holds if and only if A€ (i) > 0.



Let us introduce the space H"(Q) of (P)-invariant bounded

functions:
HP(Q) := {h € By(E) | h = P*h on E}
and define the Liouville property by
(L) If h € H"(Q), then h(xz) =0 for all € E.
Then we have the following:
BB 4.1 Assume (A). Then A2(jz;1) > O implies (L).

Rem 4.1 Takeda (2015) proved [Thm| 4.1 and 88 4.1 under v = 0
and F1 — Fz = 0.




Many thanks for your attention!

Vielen Dank fur lhre
Aufmerksamkeit!



