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Feller semigroups (T¢):>o in R”

Ti: Co(R") — Cu(R"),  Coo(R") = {f € C(R"), lim f(x) =0}

|x]—00
s.t.
TS ] Tt = T5+t

Tiu—uvast—0
0<u<l1 = 0<Tw<l1
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Feller semigroups (T¢):>o in R”

Te: Co(R™) — Cu(R"),  Cx(R") = {f € C(R"), lim f(x)=0}

|x]—00

s.t.

TSOTt:TS+t
Tiu—uvast—0
0<u<l1 = 0<Tu<1

Then (A, D(A)) generator of Feller semigroup iff
(i) D(A) C Co(R") dense

(i) R(A—X) = Coo(R™) for some A >0

(iii) A satisfies positive maximum principle:

sup u(x) = u(x0) >0 = A(x) <0
x€eR"
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Theorem (Courrege): Assume C§°(R"”) C D(A). If A satisfies positive
maximum principle, then A is a Lévy-type operator

Au(x) =

2nd order diffusion operator-l—/ (u(x-l—y)—u(x)—m) p(x, dy)

R\ {0} 14 |y|?

where u(x, dy) kernel of Lévy measures: / ly[2 A1 p(x, dy) < oo
R\ {0}
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Lévy-Khinchin formula

Equivalently: A= —q(x, D) is a pseudo differential operator

Au(x) = —(2r) "2 / £Eq(x, ) () dé

n

where the symbol
g:R"xR"—C

s.t. £ — q(x,£) is a continuous negative definite function.
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Lévy-Khinchin formula

Equivalently: A= —q(x, D) is a pseudo differential operator

Au(x) = —(2r) "2 / £Eq(x, ) () dé

n

where the symbol
g:R"xR"—C

s.t. £ — q(x,€) is a continuous negative definite function. Here

0.6 = Q&) +ibl) €+ c()+ [ (1= gl dy)

where Q(x,-) > 0 quadr. form, b(x) € RY, ¢(x) > 0, u(x,-) kernel of
Lévy measures
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Translation invariant case

q(x, &) = ¥(¢)

continuous negative definite function, independent of x.

In particular assume
Y:R"—>R
1 has no local part

= )= [ cosly ) @)
R\ {0}

where © symmetric Lévy measure.
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Translation invariant case

q(x, &) = ¥(¢)

continuous negative definite function, independent of x.

In particular assume
Y:R"—>R
1 has no local part

= )= [ cosly ) @)
R\ {0}

where © symmetric Lévy measure.
Corresponding semigroup (T;) given by:
Convolution semigroup (p¢)+>0 of symmetric probability measures :

s * [t = fsit, s,t,>0

e — o = €g as t — 0 vaguely
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Here

~

e(€) = (2m) /26O

= =) = E DA
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Here
fie(€) = (2m) ~"2em O
Then

Teu(x) = (2m) "2 / X €e ) p(g) de

= () = /R u(x ) e dy) v e S(RY)

[m] = =
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Here
fue(€) = (2m) "2tV

Then
Teu(x) = (2m)7"/2 / _eXtemu(g) de
= wrml)= [ ux-pld)  ueSE)
It follows: (T¢)r>0 extends to a contraction semigroup

(Tt(p))tzo on LP(R") for1 <p<oo

strongly continuous and sub-Markovian

Walter Hoh (Bielefeld) Sendai, September 1, 2015

6 /17



Here
fue(€) = (2m) "2tV

Then
Teu(x) = (2m)7"/2 / _eXtemu(g) de
= wrml)= [ ux-pld)  ueSE)
It follows: (T¢)r>0 extends to a contraction semigroup

(Tt(p))tzo on LP(R") for1 <p<oo

strongly continuous and sub-Markovian

as well as to a Feller semigroup (Tt(oo))tzo on Co(R")
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Idea: Use LP-theory to get better regularity results and embeddings for the
nonlocal generator / semigroup
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Idea: Use LP-theory to get better regularity results and embeddings for the
nonlocal generator / semigroup

More precisely use (r, p)-capacities: Assume (Tt(p))tzo is a sub-Markovian
strongly cont. contraction semigroup on LP(IR") with generator AlP)

Define I'-transform of (Tt(p)):

1 o0
VP = - / t’/2*1e7tTt(p)u, r>0
r(3) Jo

(V,(p)),zo is obtained from (Tt(p))tzo by subordination w.r.t the
(modified) I'-semigroup on [0, o)
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Idea: Use LP-theory to get better regularity results and embeddings for the
nonlocal generator / semigroup

More precisely use (r, p)-capacities: Assume (Tt(p))tzo is a sub-Markovian
strongly cont. contraction semigroup on LP(IR") with generator AlP)

Define I'-transform of (Tt(p)):

1 o0
VP = - / t’/2*1e7tTt(p)u, r>0
r(3) Jo

(V,(p)),zo is obtained from (Tt(p))tzo by subordination w.r.t the
(modified) I'-semigroup on [0, o)

= (V,(p)),zo also sub-Markovian, strongly cont. contraction semigroup on
LP(R")

In particular Vr(p) o Vs(p) = Vr(il
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Abstract Bessel potential space

= =) = E DA
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Abstract Bessel potential space
Then (Farkas, Jacob, Schilling)

vy (id — AP)Y=r/2,

r>0,ue LP(R")

= =) = E DA
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Abstract Bessel potential space
Then (Farkas, Jacob, Schilling)

vPy = (' — AP)Y=r/2y r>0,u€e LP(R")
= /4 2((¢ 4+ 1)id — APY Ly d¢

o7

= Vr(p) injective
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Abstract Bessel potential space
Then (Farkas, Jacob, Schilling)

vPy = (' — AP)Y=r/2, r>0,u€e LP(R")
= /( 2((¢ +1)id — APY 1y d¢

o7

= V,(p) injective
Abstract Bessel potential space:

Frp = VP(LP(RM)

lullz, = vl foru:\/r(P)(V)
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Abstract Bessel potential space
Then (Farkas, Jacob, Schilling)

vPy = (' — AP)Y=r/2, r>0,u€e LP(R")
= /( 2((¢ 4+ 1)id — APY Ly d¢

o7

= V,(p) injective
Abstract Bessel potential space:

Fp = VOULP(RY)
lullz,, = IVl foru=V(v)
(r, p)-capacity:
cap, ,(G) = inf{llullz,: veF,p, u>1ae on G} G open
cap, ,(A) = inf{cap, ,(G): AC G, G open}

Properties of F, ,?
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Translation invariant case

1 : R" — R continuous negative definite function
— convolution semigroups (Tt(p))tz()

Again following Farkas, Jacob, Schilling a concrete description of F, , is
possible:
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Translation invariant case

1 : R" — R continuous negative definite function
— convolution semigroups (Tt(p))tzo

Again following Farkas, Jacob, Schilling a concrete description of F, , is
possible:
1)-Bessel potential space H}f’r, l1<p<oo

lull yor = IFHA+0() 200 s v e S(RT)
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Translation invariant case

1 : R" — R continuous negative definite function
— convolution semigroups (Tt(p))tzo

Again following Farkas, Jacob, Schilling a concrete description of F, , is
possible:
1)-Bessel potential space H}f’r, l1<p<oo

lull yor = IFHA+0() 200 s v e S(RT)

For Hg”r explicit embeddings are known.
In particular
GO (RM) C H;f’r dense for all r >0

= Fp=HY" regular
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x-dependent symbols g(x, &)

Model case
N

a(x,&) =) bi(x) - i(€)

i=1
where

;i : R" — R continuous negative definite functions
b; > 0 coefficient functions
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x-dependent symbols g(x, &)

Model case
N

a(x,&) =) bi(x) - i(€)
i=1
where
;i : R" — R continuous negative definite functions
b; > 0 coefficient functions

Consider small perturbations of constant coefficient case
Fix xg € R”

2

q(x,€) = q(xo, §)+Z x0)) - ¥i(€)

= w(é)

=:q1(x,§) perturbation

q(x, D) = (D) + q1(x, D)
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—1)(D) generates strongly continuous, sub-Markovian contraction
semigroup on LP(R")
Assume

(*) sup |bi(x) — bi(x0)| < &

X, i
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—1)(D) generates strongly continuous, sub-Markovian contraction
semigroup on LP(R")
Assume

(*) sup |bi(x) — bi(x0)| < &

X, i

Banuelos, Bogdan '07:

Jro g0y (1 = cos(y, ) (y) u(dy)
fRd\{o}(l — cos(y, &) pu(dy)

m(§) =

p Lévy-measure, @ even, || <1

Then for 1 < p < o0

* * 1
ImD)fller < (7 = 1) [Ifller, - P =1 =max(p—1, =)
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Now

= Jra\ oy (1 = cos(y, €)) pi(dy) <<

‘U(ﬁ) Jra (o (1 = cos(y; €)) Zb oJuildy) 4 = ;o i, 0] < o
(C1 = min,-{b,-(xo)})
=:p(dy)
v, 1
= [[=X(D < —(p*—1
H v () TENTE Cl(p :
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Now

Vi(€) = [ga oy (1 — cos(y, €)) pi(dy) i << i

V(&) = Jrayqoy (1 — cos(y,€)) Zb )uidy) & — o, o] < =
(C1 = min,-{b,-(xo)})
=:u(dy)
v; 1
= ||--(D <—(p" -1
H ‘U( ) LP—LP Cl( )

= for € small

1
lgr(x, D)ullee < S(D)ullee + cllullee
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Now

Vi(€) = fRd\{o}(l — cos(y, §)) ui(dy) i <<

V(E) = f]Rd\{O}(l — cos(y,§)) Z bi(xo)pi(dy) =pui=®; - p, || < Cll
! (C1 = min,-{b,-(xo)})
=:u(dy)
- 5@ <t

= for € small

1
lgr(x, D)ullee < S(D)ullee + cllullee

=

—q(x, D) generates strongly continuous contraction semigroup ( T¢)>0 on
LP(R™)
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Sub-Markov property

If b; continuous

= =) = E DA
Walter Hoh (Bielefeld)



Sub-Markov property

If b; continuous
= martingale problem is well-posed
= q(x, D) generates Feller semigroup
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Sub-Markov property

If b; continuous
= martingale problem is well-posed
= q(x, D) generates Feller semigroup

Assume symmetry

for that purpose fori =1,..., N
VISR

(S) assume R" = V1@ V2, st. bi:Vi =

b V2SR

1
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Sub-Markov property

If b; continuous
= martingale problem is well-posed
= q(x, D) generates Feller semigroup

Assume symmetry

for that purpose fori =1,..., N

bi: VI SR
n_ /1 2 J i
(S) assume R" = V' @ V7, sit. b V2SR

1

= ( :I't)tzo sub-Markovian
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Bessel potential spaces

Consider Bessel potential spaces F/, corresponding to —q(x, D)

Theorem : Assume (*) with ¢ sufficiently small and (S). Then
}—rq,p = Hg}’r
In particular F/, is regular.

Hence

e every u € F/, admits an (r, p)-quasi-continuous modification,
unique up to (r, p)-quasi everywhere equality

° ;’2, r <1 has the contraction property
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Sketch of proof
Fip = VP (LP(R))

First from the semigroup property of V,(p)’q:

VI (Fp) = VIS (LPRT) =

Suffices to consider r < 2
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Sketch of proof
Fip = VP (LP(R))

First from the semigroup property of V,(p)’q:

VIPHI(FL,) = VL (LPR)) = Fe
Suffices to consider r < 2
Then

VP = ((id + q(x, D))"
— 5 [ T Did + gl D) udC
ol

2mi

1 —r/2
- %/f P2RE,qudC

sor
sin §7T

00 P
_ —r q
= /0 A""2RE, udA
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Calculate resolvent Rf\’ of perturbed operator —q(x, D):
Solve
(A+q(x,D))u=f

(A +a(x,D))u = (A+9(D) + qi(x, D)) o Ry o (A +4(D))u
= (id+ qi(x, D) o Ry)(A +¢(D))u
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Calculate resolvent Rf\’ of perturbed operator —q(x, D):
Solve
(A+q(x,D))u=f

(A +a(x,D))u = (A+9(D) + qi(x, D)) o Ry o (A +4(D))u
= (id+ qi(x, D) o Ry)(A +¢(D))u

Now
N

ql(x, D) o R)\ = Z(b,(X) — b,‘(Xo)) . w,(D) o] R)\

i=1
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Calculate resolvent Rf\’ of perturbed operator —q(x, D):

Solve
(A+q(x,D))u=f

(A +a(x,D))u = (A+9(D) + qi(x, D)) o Ry o (A +4(D))u
= (id+ qi(x, D) o Ry)(A +¢(D))u

Now
N

ql(x, D) (e} R)\ = Z(b,(X) — b,‘(Xo)) . w,(D) e} R)\
i=1
We know
<c

LP—|[P

o
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Calculate resolvent R;\’ of perturbed operator —q(x, D):
Solve

(A g(x, D))u = f

(A +a(x,D))u = (A+9(D) + qi(x, D)) o Ry o (A +4(D))u
= (id+ qi(x, D) o Ry)(A +¢(D))u

Now N

q1(x, D) o Ry = > (bi(x) — bi(x0)) - i(D) © Ry

i=1
We know v
e, =
LP—|[P

Moreover

HM _ Hld X <2

A+ V(D) p_p A+ V(D) p_p
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= for ¢ sufficiently small: llgi(x, D)o Rxll;p_pp <1
= id + g1(x, D) o Ry, invertible in LP(R")

Hence u = Ry o (id + g1(x, D) o R\)~1f
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= for ¢ sufficiently small: llgi(x, D)o Rxll;p_pp <1
= id + g1(x, D) o Ry invertible in LP(R")

Hence u = Ry o (id + g1(x, D) o R\)~1f

=
Ry = Ryo (id + qi(x, D) o Ry) ™"
which gives
e
yPra, _ SNaT / A""2Ry 1 o(id + qi(x, D) o Ry) " tudA
T 0

Vr(P)
= VP o(id+qi(x,D) o Ry)lu
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