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Levy-type processes
Existence and estimates of moments

Since Lévy processes are homogeneous both in time and space, they are not well suited for modeling time dependent random
ohenomena. Dropping the assumption of homogeneity leads to Levy-type processes: They behave locally like Levy processes,
out the characteristic Léevy triplet may depend on the current position. Typical examples are solutions of (Lévy-driven) SDEs, affine
orocesses and stable-like processes. A Levy-type process can be characterized by its symbol

q(x, &) = —ib(x)& + %&a(x)a +|(1 =Yo7yl ) Nix dy),  xeR%EeR?
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Here, we extend some results on moments from Lévy to Levy-type processes. For simplicity we assume that (X;) > has bounded
coefficients.

Existence of moments

Time independence Sufficient conditions
Let f > 0 be a submultiplicative function. ° If sup, poa j"|y|21 f(y) N(x, dy) < oo for some submulti-
e Backward in time: If EXf(X;) < oo for some t > 0, then plicative function f € C4, f > 0, then

X f(Xs) forall s < t

sup supE*f(Xs— x) < oo forall t > 0.

XF(X) < oo &= supE*f(Xs) < oo. xeRY s<t
s<t

e (d=1)It g(x -)Is 2ntimes differentiable at & = O for all
e Forward In time: It SUp,  d Xf(Xt) < oo for some x € R and \a%kq(X,OH < Cre(1+ \x|2k) for all kK < n, then
t > 0, then EXf(Xs) < oo forall s > 0. In fact,

r,
2N X _u12n
3t : sup EXF(X;) < 0o <= Vt:sup sup EXf(Xs) < co. Sup JIyIPTNix.dy) <co and - sup BH{[Xr=x|") < oo

xcRA s<t xcRd

for any compact set K C R.

Estimates of fractional moments

Bounded variation/martingale type Blumenthal-Getoor indices
Set My == sup, pa | [YI* N(x, dy). If e |f g satisfies the growth condition
e ..qglIsof "bounded-variation-type’ 1. e. | S|U|Z|)| 1|S|U||:>|\Cl(y,n)| < Cl&|*
- . y—X|<|&[T T MI<IE
q(x &) = [(1—eY5) N(x dy),
J for all |£] > 1, then
and MCX < 00 for. some « € (Q, 1], or X (sup [Xs — xIF) < ~min{x/a 1)
e ..qgisof "martingale-type’ I.e. s<t
g(x, &) = | (1 — Y&+ iy&) N(x, dy), for t < 1and k € [0,B), k # «; here B denotes the
! generalized Blumenthal-Getoor index at O.

e Similar results hold for
— Levy-type processes with unbounded coefficients,

— large times t.

and My < oo for some o« > 1,
then forany t < 1 and k € [0, «

sup E*(sup|Xs— x|*) < ct¥/ .
xcRA s<l
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