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Anderson (1958): low lying spectra of —A + V,, are pure point
and corresponding eigenfunctions are strongly localized.

Consider the parabolic counterpart (Gartner-Molchanov 1990, later
many others):

Oru = (A — V,,)u, u(0,x) = do(x).

The “eigenfunction expansion” u(t,x) = >3%; e~k (0)pk(x)
tells us that u(t,-) localizes as well.

u(t, x) = Eo [exp {—/Ot Vw(Bs)ds} B = x}

— localization of the diffusion particle
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1. Setting

° <{Bt}t>o , PX> . kA-Brownian motion on R?
° <w = Z 5w,.,IF’) : Poisson point process on RY
i with unit intensity

Potential
For a non-negative and integrable function v,

Vi(x) = Z v(x — wj).

i

(Typically v(x) = 1g(0,1)(x) or |x|7* A1 with a > d.)



Annealed measure

We are interested in the behavior of Brownian motion under the
measure

exp {—/Ot Vw(Bs)dS} P® Po(-)

E® E [exp {—/Ot Vw(Bs)dsH |

The configuration is not fixed and hence Brownian motion and wj;'s
tend to avoid each other.

Qt(‘):

27



eXp{_ fot Vw(BS)dS} : Iarge7 P: Iarge’ PO .

DA
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exp{— [y Vio(Bs)ds} : large, P :small,

Po : large
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2. Light tailed case

Donsker and Varadhan (1975)

When v(x) = o(|x|7972) as |x| — oo,

B0 6 oo { - [ Vu(B)ds | = e {~c(dm)e2 1+ ol1)}

as t — o0.

Remark
c(d, k) = i?Jf{m)\D(U) + U}

6
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Suppose v is compactly supported for simplicity. Then

E® E [exp {—/Ot V,(B.) dsH

> Po (Bjp, C U)) P (w(U) = 0)
~ exp{—rAP(U)t — |U|}.

Optimizing over U, we get the correct lower bound.

~
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Suppose v is compactly supported for simplicity. Then

E® E [exp {—/Ot V,(B.) dsH

> Po (Bjp, C U)) P (w(U) = 0)
~ exp{—rAP(U)t — |U|}.

Optimizing over U, we get the correct lower bound.

1
maximizer = B(x, t7+2 Ry)

~
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One specific strategy gives dominant

contribution to the partition function.

4

It occurs with high probability under
the annealed path measure.
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Sznitman (1991, d = 2) and Povel (1999, d > 3)

When v has a compact support, there exists
Di(w) € B(0,t72(Ry + o(1)))
such that
Q: (B[Ovt] C B(De(w), t72 (R + o(1)))) oo

Remark

Bolthausen (1994) proved the corresponding result for
two-dimensional random walk model.
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3. Heavy tailed case

Pastur (1977)
When v(x) ~ |[x|7* (a € (d,d + 2)) as |x| — oo,

B 6 o { - [ Vu(BJds} ] — e {-are 1+ 02}

where a; = |B(0, 1)|F(a7_d).

11/27



3. Heavy tailed case

Pastur (1977)
When v(x) ~ |[x|7* (a € (d,d + 2)) as |x| — oo,
E® E [exp {—/Ot Vw(Bs)ds}] = exp {—altg(l + o(l))} ,

where a; = |B(0, 1)|F(a7_d).

Unfortunately, this first order asymptotics tells us little about the
Brownian motion.

27



In fact,

Pastur’s proof goes as follows:

E® Ep [exp {/Ot Vw(Bs)dsH

~ Elexp{—tV,(0)}]

~ exp{—alt%}.
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In fact, Pastur’s proof goes as follows:

E® Ep [exp {/Ot Vw(Bs)dsH

~ Elexp{—tV,,(0)}]
~ exp{—alt%}.

The effort of the Brownian motion is hidden in the higher order
terms. A bit more careful inspection of the proof shows...
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F. (2011)
When v(x)=|x|"* A1 (d < a < d 4 2),

E® Ep [exp {—/Ot Vw(Bs)dsH

= exp {_altg — (a2 + 0(1))1“%261‘_2} :

where

ar = H¢)i”nf . {/H’V¢(X)|2 + C(d, @)|x|?¢(x)? dx}.
o=
Remark
The proof is an application of the general machinery developed by

Gartner-Konig 2000.

14 /27



Recalling the Donsker-Varadhan LDP

Po C /Otassdsw ¢2(x)dx> ~ exp{—t/ff\vqﬁ(X)\de}?

we expect the second term explains the behavior of the Brownian
motion.
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Po C /Otassdsw ¢2(x)dx> ~ exp{—t/ff\vqﬁ(X)\de}?

we expect the second term explains the behavior of the Brownian
motion.

In particular, since Py (Bjo,q C B(x, R)) ~ exp{—tR~?}, the
localization scale should be

a+d—2 a—d+2
tR2=1t 22 & R=t %

In addition, the term [ C(d, a)|x|?¢(x)? dx says that V,, (locally)
looks like a parabola.
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the below is the
section along this line

Heavy tailed case

h(t) th(t) > t/r(t)?
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the below is the
section along this line

Light tailed case

th(t) < t/r(t)?
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Main Theorem (F. 2012)

Qe (Bog < B (0,655 (log 1)) ) == 1,

a—d+2

Qt<Vw(x) Vo (me(w)) ~t TR C(d, @) x — me(w)[?

d+2
+E)> t—oo 1’

in B(0, t*7a

_a—d+42 |
{t 40 B a—di2 } v, oU- process with
t” 2a s)s>0

“random center”,

where m;(w) is the minimizer of V,, in B(0, t" 4 . Iog t).
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4. Qutline of the proof

An important feature of this model is that there are two scales in
the “optimal strategy”.

» w lives in the scale 1/,

> {Bs}s<: lives in the scale o(tY/®).

19/27



4. Qutline of the proof

An important feature of this model is that there are two scales in
the “optimal strategy”.

» w lives in the scale 1/,

> {Bs}s<: lives in the scale o(tY/®).

This, for instace, prevents us from using the “compactification by
projecting on a torus” .

19/27



4. Qutline of the proof

An important feature of this model is that there are two scales in
the “optimal strategy”.

» w lives in the scale 1/,

> {Bs}s<: lives in the scale o(tY/®).

This, for instace, prevents us from using the “compactification by
projecting on a torus” .

But on the other hand, this helps us since it allows us to treat w
and B;s “separately”.
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Suppose we have a crude estimate

sup |By| = o /).
0<s<t

Then Bs =~ 0 viewed from w. Thus it is plausible that

Elexp{—tV,(0)} : dw] .

Qe(dw) ~ Elexp{—tV,,(0)}]
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Suppose we have a crude estimate

sup |By| = o /).
0<s<t

Then Bs =~ 0 viewed from w. Thus it is plausible that

Elexp{—tV,(0)} : dw]
Elexp{—tV,(0)}]

The right hand side is nothing but the Poisson point process with
intensity e~ t(IXI7 A dx.

Q:(dw) ~

— potential locally looks like parabola,

— localization, weak convergence.
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It remains to verify sup |Bs| = o(tY/®). This is a localization but
0<s<t
weaker than the main theorem.

To this end, we need some control on V,, ... circular argument?
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It remains to verify sup |Bs| = o(tY/®). This is a localization but
0<s<t
weaker than the main theorem.

To this end, we need some control on V,, ... circular argument?

No! What we need is crude control which can be established with
bare hands.

In what follows, we assume V,, takes its minimum value at O for
simplicity.
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4.1 Crude control on the potential
Lemma 1

a—d _ 3a—3d+2

d
Qt <Vw(0) S aaltiT +t 4o (_M17 Ml)> — L




4.1 Crude control on the potential

Lemma 1

d a
Q: <Vw(0) € —ait” a
o

Idea

Zy ~ Elexp{—tV,,(0)}] {

3a— 3d+2

+t

= exp{ aita

~ SUpp~qo |€ [

(- M17M1)> -

i

“P(V.s(0) ~ h)] .



4.1 Crude control on the potential

Lemma 1

d a— a—
Q: <vw(0) € —ant™ " 4 TR My, M1)> — 1.

Idea

Z: ~ Elexp{—tV,,(0 :eXp{_altg}’
fexp{~ 1. (O] {% g [ TE(VL(0) ~ )]

—d . ..
ait™ a = h(t) is the maximizer.

SE® E [exp { /Ot Vw(Bs)ds} - V,(0) is far from h(t)]

< E[exp{—tV,,(0)} : V,,(0) is far from h(t)] = o(Z:).



Lemma 2

Qt<Vw(0) +Vo(x) > 2h(t) + crt™ T |x 2

d+6 a—d+6
for t° B < |x| < Mat" Ga )—>1.
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Lemma 2

Qt<Vw(0) + Vo(x) > 2h( ) + ot S x|
for tsa <|x| < Mztagi+6) — 1.
Idea
By Lemma 1,

exp {—/Ot Vw(Bs)ds} < exp {—th(t)} = exp {_;’alti}
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Lemma 2

Qt<Vw(0) + Vo(x) > 2h( ) + ot S x|
for tsa <|x| < Mztagi+6) — 1.
Idea
By Lemma 1,

exp {—/Ot Vw(Bs)ds} < exp {—th(t)} = exp {_;’alti}

Then, use

E [exp {—%(Vw(O) + Vw(x))H ~ exp {—altg -~ qt%IXIZ}

and Chebyshev's inequality.
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4.2 Crude control on the trajectory

) _Id+6 a—d+6
O aSa Mzt 8a
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4.2 Crude control on the trajectory

o a6 a—d+6 i —d+6 a—di6
—Mot ™ Ba —t Ba 0 Sa I\/I2t 8a

By “penalizing a crossing”,

Qr (B[O t] C B (0 Mztasi%)) 1.
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How about the critical case o = d + 27

Okura (1981) proved

E® [exp {—/Ot V.o(Bs) dsH — exp {—z-(d, k)t (1 + 0(1))}

as t — oo, where

o _<z>'|ﬂf1{/ VoRIF +1- eXp{ /!x—y!d+2 } }

25 /27



Thank you!



How about the critical case o« = d + 27

Okura (1981) proved
E® E [exp {—/Ot Vw(Bs)dsH = xp { ~2(d. )52 (1 + o(1)) }

as t — 00, where

&(d, k) = H¢>i||n2f:1 {/FL|V¢(X)|2 +1—exp {— / ’Xqi();?j” dy} dx} )
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