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Introduction

@ Spatially cut-off P(¢),-Hamiltonian —L + V),
is a self-adjoint operator on L2(S’(R), du), where
A=1/h.

@ Formally:

1 1
duiw) = —exp|—= ( Vm? - Aw,w) dw
Z 2 L(R,dx)
» —L + V, is unitarily equivalent to

1
- Ay + AUw/ ‘//—l) — 5tr(m2 — A)I/Z
on L*(L*(R, dx), dw)
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Introduction

where

Uw) = % f W' (x)? + m*w(x)®)dx + V(w),
R

Viw) = [R : Pw(x)) : g(x)dx,

where P is a polynomial bounded below. It is natural to
expect that there exists some relations between

@ Asymptotic behavior of low-lying spectrum of the
operator =L + Vas A = oo

@ Zero points of classical potential function U
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Plan of talk*

1. Results for Schrddinger operator —A + AU(+/ )
2. Definition of P(¢),-Hamiltonian

3. Main Result 1 : lim,_,o, E1(2)

4. Main Result 2 :

log (E2(1) — E{(A
lim sup 8 (B ; 1) < —dég(—ho, ho)
A= o0

5. Properties of Agmon distance dgg and instanton
(Existence of minimal geodesic and instanton, etc)

*This talk is based on the paper which will appear in J. Funct. Anal. Vol.263
no.9 (2012), 2689-2753
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Results for Schrédinger operators on RY

Assume
o UeC®°RY), Ux) > 0forall x € RN and
lim inf|x|_,oo Ux) > 0.
@ {x|U(x) =0} = {x1,...,x,}.
e Q; = 1D*U(x;) > 0 for all i.

Then the first eigenvalue E1(2) of —A + AU(-/ VA) is
simple and

llm E{(d) = min tr yQ,.

1<i<n
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Tunneling for Schrodinger operators
In addition to the assumptions above, we assume the
symmetry of U:

e Ulx) = U(-x),
@ {x|U(x) =0} = {—xp,x0} (xo % 0).
Let E,(A) be the second eigenvalue. Then we have

(due to Harrell, Jona-Lasinio, Martinelli and Scoppola,
Simon, Helffer and Sjéstrand,... )

log(E»(1) — E1(4
lim g(E2(D) - E1() _ M (Cxg. x0),
A— o0 A v

where dég (—x¢, X9) is the Agmon distance between —x
and xy:
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Tunneling for Schrodinger operators

T
d*(=x0, x0) = inf{ f NUGO@ldr |

x is a smooth curve on RN
with x(=T) = —xg, x(T) = xo}.

Carmona and Simon (1981) gave another
representation d:° of dég using an action integral:

ng(—xo, Xp) = inf{ f B (%lx’(t)lz + U(x(t))) dt
lim x(1) = —x, lim x(1) = xo}.
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Instanton

The minimizing path xg = xg(t) (—o0 < t < ) is
called an instanton. The instanton xj satisfies

x" () = 2(VU)(x(2)).

Remark

The classical Newton’s equation corresponding to
—A+ Uisx"(t) = =2(VU)(x(2)).
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Instanton
Since U(xxy) = 0, we have

T

dlC]S(—xo, X9) = inf{ff (ilx'(t)|2 + U(x(t))) dt
|x(—T) = —-x0, X(T) =x¢, T > 0}. (*)
Hence, by an elementary inequality ab < #
dzg(—xo, x0) < dg’(=x0, Xo).

@ Simon used (*), Feynman-Kac formula and large
deviation to prove tunneling estimate.

Shigeki Aida (Tohoku University) Tunneling for spatially cut-off P(¢),-Hamiltonian: September 24, 2012

9/46



Free Hamiltonian

Let m > 0. Let u be the Gaussian measure on S’(R)
such that

fw smley W), o duw) = ((m* = A0, 0) |
Let & be the Dirichlet form defined by

&40 = [ WSO, , dutw) 1 € DE)

where V f(w) is the unique element in L*(R, dx) such

that tim 2D T G ), o)

-0

The generator —L(> 0) of & is the free Hamiltonian.
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Potential function of corresponding
classical equation

Let P(x) = Zifo a;x* with ayy; > 0.

Let g € C(‘;"(IR%) with g(x) > 0 for all x and define for
h € H'(= H'(R)),

V(h) = \[R P(h(x))g(x)dx

U(h)

1 f (h'(x)2 + mzh(x)z) dx + V(h)
4 Jr
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Wick product

We want to consider an operator like

—L+AVvw/ Y1) on LXS'(R),du).

@ Difficulty: w is an element of Schwartz distribution
and w(x)* is meaningless.

@ Renormalization is necessary:
Wick product : w(x)¥ :.
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Potential function of P(¢), Hamiltonian

For P = P(x) = zfjfo ayx® with azy > 0, define

We write
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Definition of Spatially cut-off
P(¢),-Hamiltonian

@ —L + V, is defined to be the unique self-adjoint
extension operator of (=L + V,, cJ;C;"(S’(IER))).

@ —L + V, is bounded from below and the first
eigenvalue E(A) is simple.
The corresponding positive eigenfunction €2,
exists.
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Main result 1

Assumption
(A1) U(h) > 0 for all h € H' and

Z={heH" |Uh) =0} = {hy,...,h,}

is a finite set.

(A2) The Hessian V2U(h;) (1 < i < n) is strictly
positive.
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Remark

Since for any h € H',
V2U(h;)(h, h) = 1 f ' (x)*dx
2 Jr
m2 2 174 2
# [ (ShR + P tongoneer )
R

the non-degeneracy is equivalent to

inf o(m? = A + 4v)) > 0,

where v;(x) = 3P (hi(x))g(x).
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Main Theorem 1

Theorem
Assume (A1) and (A2) and let E{(1) = inf o(—L + V).
Then

lim E;(1) = min E;,

A= 0 1<i<n

where
E; = info(-L +Q,),
0, = f s w(x)? vi(x)dx,
R

=
=
=
-
]

1
EP"(hi(x))g(x)-
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Cameron-Martin subspace of u
Let H*(IR) be the Sobolev space with the norm:

2 2
lollas ) = M = Al 2 dx)-

Let H = HY*(R). Then H is the Cameron-Martin
subspace of u and u exists on W c S’(R):

W = {w € S'(R) |

Iwll?, = f}R I+ [xP = A 'w(x)Pdx < o).

@ The triple (W, H, ) is an abstract Wiener space.
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Proof of the first main theorem

@ IMS localization argument

@ Lower bound estimate on the bottom of the
spectrum of —L + V, which follows from
logarithmic Sobolev inegaulities

@ Large deviation principle and Laplace method for
Wick polynomials (Wiener chaos)

@ Gagliard-Nirenberg type estimate:

1/p
{ i |h(x)|"g(x)dx} < CIRI, AN,
R

H1/2

where a(s) = 3/(4 — 2s) and 2 < g < H
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Tunneling for P(¢),-Hamiltonians

Let
E>(A) = inf {o(-L + V)) \ {E1(D)}}.

It is known that E»(A1) > E{(A).

We prove that E,(1) — E1(A2) is exponentially small
when A — oo in the case where the potential function is

double well type.

20/ 46

Shigeki Aida (Tohoku University) Tunneling for spatially cut-off P(¢),-Hamiltonian: September 24, 2012



Second main theorem

Assumption
(A3) For all x, P(x) = P(-x) and Z = {hy, —hy}, where
hy # 0.

Theorem
Assume (A1), (A2), (A3). Then

log (E(1) — E1(4
lim sup g (Ex( /)l 1(D) < —dzg(hO, —hy).
A—00
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Example
Fix g € C(R).

For sufficiently large a > 0, the polynomial
P(x) = ax*-1)"-C

satisfies (A1), (A2), (A3).

C is a positive constant which depends on a, g.

We define dgg(—ho, ho).

Assumption

In the definition below, we always assume U(h) = 0 for
all h.
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Agmon distance on H'(R)
Note that kg, —hy € H'(R).

Let0 < T < oo and h, k € H'(R).

Let ACT,h,k(Hl(]R)) be the all absolutely continuous
paths ¢ : [0, T] » H'\(R) satisfying ¢(0) = h, c(T) = k.

We define the Agmon distance between h, k by

d*(h,k) = inf{ty(c) | c € ACr,(H'R)},

where

T
fo(c) = fo VTGO D)l 2dt.

Shigeki Aida (Tohoku University) Tunneling for spatially cut-off P(¢),-Hamiltonian: September 24, 2012 23/46




Agmon distance on H'/%(R)

Agmon metric is conformal to L3-metric. However
the function U is defined on H'. On which space the
Agmon distance is naturally defined ?

@ For any h, k € H*(R), there exists

u(= u(t,x)) € H((0,T) x R) such that
» u(0,x) = h(x) and u(T, x) = k(x),

T
: fo VU@l ()12, dt < o0

@ HY((0,7) x R | u(0) = h,u(T) = k) C Praiu
which is defined in the next slide.
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Agmon distance on H'/%(R)
(1) Let h, k € H'/2. Let Pr1,v be all continuous paths
c=c()(0<t<T)on H'/? such that
@ ¢c(0) =h,c(T) =k,
@ ¢ € ACr i (L*(R)),
@ c(t) € H\(R) for ||c’(¢)||dt -a.e. t € [0, T] and the
length of ¢ is finite:

T
fo(c) = fo VOO D)ll2dt < oo.

(2) Let0 < T < 0. We define the Agmon distance
between h, k € H'/?(R) by

d f(h, k) = inf{ty(c)|c € Praiv}.
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Proof in the case of Schrodinger operators

Assume
@ U e C°(RY), U(x) > 0 and lim infjy - U(x) > 0,
@ Ux) = U(-x),

@ {x|U(x) =0} = {—x9,x0} (x0 #0),
(<) %DZU(JC()) > 0.

Then for the ground state ¥y, of —A + A2U,
.1 :
lim ~log ¥1,,(x) = —min (d;(x, x0), d,*(x, ~x0))
This and estimate on the second eigenfunction implies

. log (E2(A) — E((1))
lim p = —dgg(xo, —X0).
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I-function of ground state measure for

P(¢),-Hamiltonians
Assume (A1), (A2), (A3). Let

dpy = Qi A py = (S)as

where Sw = ——. Formally du! (w) = ¥1,.00)dw,

V2
where ¥, is the ground state for

p|
~Apm + UMW) - Etr(mz - A2,

It is natural to conjecture that ,uf] satisfies the large
deviation principle with good rate function Iy:

Iy(h) = 2 min (d‘l“]g(ho, h), d?]g(—ho, h)) i
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Approximation of Agmon distance

Assume U satisfies (A1), (A2). Let TIV]V be the set of
non-negative bounded globally Lipschitz continuous
functions u on W which satisfy the following conditions.
(1) It holds that 0 < u(h) < U(h) for all h € H' and

{h e H' |Uh) - u(h) = 0} = {hy,...,h,} = {U = 0}.
(2) uis C?in U"_Bs,(h;) for some &y > 0 and
inf {u(w) | w € (U2 Bs(h9)} > 0 forany 6 >0,

where Bs(h) = {(w € W | |lw — hllw < 6}.
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Approximation of Agmon distance

(3) The Hessians

VPU-u)(h) (A<i<n)

are strictly positive.
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Approximation of Agmon distance

Let o, € L*(R). Let ACr,y (LZ(IR)) be the set of all

absolutely continuous paths ¢ : [0, T] = L*(R) with
c0)=pandc(T) =y. Letu € Tl‘]v. For wy,wy € W,
define

@ ifwg—w, € LZ(R),

T
plomnwy = int] [Vl + e’ Ollade |
¢ € ACrg o (LA(R)}.

o ifwy —wy & LA(R),  pV(wy,w;) = co.
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Approximation of Agmon distance

Lemma

Letu € TIVJV .
(1) Let O be a non-empty open subset of W and set
pY (0,w) = inf{p) (p,w) | ¢ € O}. Then

pY(0,-) e D (&),
Vo) (O, W)li2max) S Yuw)  p-a.sw.
(2) Assume (A1), (A2). Setu,(w) = Au(w/ V2,

El(/l, u) =info(-L4, + V,—u,). Thenlim,_, El(/l, u)
exists.

v
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Approximation of Agmon distance

Further define

P (w1, ws)
-

= lin% inf{p,vf(w, )] | w € Bo(wy),n € Bs(wz)}-

In the case where W = H = RY, for any wy, w,, clearly,

w A
sup p" (w1, wa) = d*5(wy, w).
W = U
uETU
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Approximation of Agmon distance

Lemma
Assume (A1), (A2). Then for all h, k € H*(R),

dyf(h, k) = sup p"(h, k).

W —u
uGTU
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Exponential decay estimate for the ground
state measure of P(¢),-Hamiltonian
Lemma

Assume (A1), (A2). Let du,py(w) = Qi w)du, where
Q. Is the ground state of =L + V. Letr > k and
0<qg<l LetB,J(Z) = Uf’_ B.(h;). For large A,

feer ]

C1e721" | |u]|,,

T KA1 - gA)e2 = Cy)’

where C; are positive constants independent of A, r, k.
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Proof of second main theorem

E»(2) — E;(A)
Sy IV S0 dpap(w)
= inf{

Sy S0P dpau(w)

feDE@NL W), f£0,f L 1in Lz(lu,u)}-

Assume (A1), (A2), (A3).

o -Z = {h()’ _hO}-
@ 1,y concentrates on neighborhoods of + ‘//—lho.
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Proof of second main theorem
@ Let f be the function such that

Fow) = 1 forw near ‘//_lho
-1 forw near—‘//_lho.

Then f L 1 approximately in L*(up).
@ f can be constructed by using functions

py (w/ YA, Bo(ho)), p)f (w] YA, Bo(=ho)).
Also ||V flle < o0 and

P W(ho, —ho)
P, s(Z)] _—
( i 2
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Properties of Agmon distance and instanton

° dzg can be extended to a continuous distance
function on HV2(R).
@ The topology on HY2(IR) defined by dgg coincides
with that of (HY2(R), || [|g112).
@ Let P =0. Forany h € H'/>\ H' and
d,*(h, h + &k)

k(# 0) € H'?, lim sup = +o0.
-0 2

@ Existence of minimal geodesic between hy and
—hy (unique or not?).

@ Existence of instanton.
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Existence of minimal geodesic

Theorem

Assume (A1), (A2) and Z consists of two points {h, k}.
There exists a continuous curve ¢, on HY*(R) such

that dAg(h k) f VU(C*(t ”C (t)”LZdt
and c, satisifies the following.
(1) cx(0) = h,c (1) = kandcy(t) # hykfor0 < t < 1.

(2) cx = ci(t,x) is a C* function of (t,x) € (0,1) x R
andc, € H'((g,1 —&) xR) forall0 < & < 1.

& 1
3 i lle, O, dt = [i__llc’ 0)IE,dt = +c0 V& > 0.
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Existence of instanton

2
T2 1) = 20VU)ut, x) (1)
ot
The equation (1) reads
0*u 0*u ,
Sa b+ =60 = m'u(t, x) + 2P (u(t, x))g(x) (2)
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Existence of instanton
Let T > 0 and define

Iy p(u) = fITT) IR(

+ ff (—u(t, x)* + P(u(t, x))g(x)) dtdx
-T,T)xR \ 4

—(t x)

) dtdx

and

1 (o) (o)
Iopu) = 1 f 10,u(2)|]? At + f U(u(t))dt.

2(R
(e LAR)

There exists a solution u, = u,(t, x) ((t,x) € R?) to the
equation (2) which satisfies the following properties.
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Existence of instanton
(1) It holds that

uyl-rnxr € H' (=T,T) x R) N C=((-T,T) x R) for
any T > 0 and

It p(Usl-1,r)xr) = Inf{I7p(u) |u € H ;’u*(_T)’u*(T)(R)},

where

H) (®) = H(-T,T) xR|u(-T) = ¢,u(T) = §).

Also we have
tlim ey (t) — Bllg2 = 0

tlim lux(t) — Kkllgnz = 0
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Existence of instanton

(2) It holds that .. p(u) = d; *(h, k) and u is a
minimizer of the functional I, p in the set of functions u
satisfying the following conditions:
@ ulrrxr € H'((-T,T),R) forall T > 0,
@ lim,,_. ||lu(t) — hllg2 = 0,
&
lim, o, |[u(?) — k[l = 0.

(3) Let Z(T) = inf {IT,p(u) lu € H! h,k(m)} . Then

T - I(T)is a strictly decreasing function and
limy_,., 7(T) = d*(h, k).
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Relation between ¢, and u

Let
t
p0) = ——— [ Ilds 0<r<1,
2d2g(h,k) 12 L
1 t
o(t) = —f ||u’(s)||izds t e

Ag oo
ZdU (h, k)
Then p~!(¢) = o(¢) (t € R) and

u*(tax) = C*(O'(t),X) tG]R’
u(p(t),x) = c(t,x) 0<t<l.
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Problems

@ Lower bound estimate. WKB approximation.
Precise estimate of E;(1) — E{(A):

00 2j+1
Ex()—Ex(D) = exp(—Ad"5 (o, ko) ¥ a; (_]

Jj=0 ﬁ

@ Geometry of Agmon distance

@ Relation between
- Scattering of spatially cut-off
P(¢),-Hamiltonian (or P(¢),-field itself after

taking co-volume limit)
» Scattering of non-linear Klein-Gordon
equation (classical equation)
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Appendix : Proof of d‘l“]g(h, k) = sup, p"(h, k)

Take large L so that supp g c [-L/8, L/8].

Letwy, = xr - w, where yr(x) = 1 for |x] £ L/4,
suppxr € I = (-L/2,L/2).

Let Py be a finite dimensional projection operator on
H;)(I, dx). Define

uR,s,N,L,J(w)
= (880 min (u z(w), 2R2) +(1-28’U (PNWL)) Y(w)
+ min (aou z(w), 2R2) A = yw)),

uz(W) = min,-=1,2 llw — hl”i" Then

urenLs €Fys  sup p¥ (k) = df(h, k).

R,N,L,0,& —UR.,N,Ls
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Appendix: Proof of d‘gg (h, k) = sup, p"(h, k)

¥ is defined as follows:
WR,N’L96 = {w € Wl ”PNWLIIH1D/2(1) S R’

||P1J\'IWL||H;)2(1) <R, ?—lliIzl”PNwL — hillw) = 5}’
where hy = hy, hy = —hy.

(4
dww, Wy 1.6

Yyw) = .

dww, WraN.L25) + dw(w, W;’N,L’ 6)
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