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1.1. H b function and Hi variety. Let n be a
positive integer and [n] the set {1,2,---,n}. A function h is a Hessen-
herg function if it satisfies the following two conditions:

i) b(1) < h(Z) < -+ < hin),

i) j < h{j) for all j € [n].
The (full) flag variety FI{C) is the collection of nested linear subspaces
Vo= cVWaC V3 C - CV, =C" with dimV; = i for all integers
i € [n]. For an n x n matrix X considered as a linear map X : C* —+
C" and a Hessenberg function h : [n] — [n], the Hessenberg Variety
associated with X and b is defined as

Hess(X, k) = {1, € FL{C") | XV] C Vi for all j € [n]}.
example 1.1. Let n=5, h = (h(1), h(2), h(3), h(4), h(5)} = (3,3,4,5,5)
and X = id = E. Since any flag variety V| satisfies the condition
XV, C Vi for all j € [n], so Hess(E, k) = FI(C).
More generally, for the identity map E and any Hessennberg function

h, the Hessenberg Variety Hess(E, k) = FI(C).

1.2. Regul ilp H varieties. Let N be a reguler
nilpotent matrix with n dimention, i.e. a nilpotent matrix with a single
Jordan block. In Jordan canonical form, it is given by

0 1
01
(1.1) L
01
0

For a Hessenberg function h, Hess(N, h) is called a reguler nilpotent
Hessenberg varieties.

example 1.4. If h is the identity map id, then Hess(N, id) = FI{C).
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