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Characterization of the explosion time
for the Komatu-Loewner evolution

Takuya Murayama (Kyoto University)

1 Introduction

The Komatu—Loewner equation is a correspondence to the Loewner equation in multiply connected do-
mains. Bauer and Friedrich [1] established its concrete expression in standard slit domains of the upper half
plane H, and then, Chen, Fukushima et al. [2], [3], [4] investigated some properties of the Komatu-Loewner
evolution generated by it.

In this talk, I shall give a behavior of the image domain at the explosion time of this evolution, which
is a refinement of a part of the study in [1]. The proof is based on a probabilistic expression of the solution
that was developed in [2], [3] and [4], together with a general theory of complex analysis.

2 Review on the Komatu—Loewner equation

We fix N € N. Let C; C H, 1 < j < N, be horizontal slits (i.e., segments parallel to the real axis) and
K = Ujvzl C;. We call a domain of the form H \ K a standard slit domain.

Take a simple curve v : [0,¢,) — D satisfying v(0) € OH and ~(0,t,) C D. For each t € [0,t,),
there is a unique conformal map g; from D onto another standard slit domain D; with the hydrodynamic
normalization a

gt(z) =z + Zt +o(z7h), z— oo,

for some a; > 0. The image (1) := g:(v(t))(= lim,_, () 9¢(2)) € OH of the terminal point ~(t) is called
the driving function of g;. The quantity a:, called the half plane capacity of the set ¥[0,t] relative to g, is
strictly increasing and continuous in ¢. Thus we can reparametrize the curve v in such a way that a; = 2¢.
Under these settings, g;(z) satisfies the following Komatu—Loewner equation:

9 gu(2) = ~2mU, (9e(2).E). g0lz) = 2 € D. )

The function W (-, &), & € OH, is a unique conformal map from D onto another slit domain D with oo
mapped to 0 and ¥ p/(z,&) ~ —7 1z — &)L as 2 — &.
Since Wy (z,&) = —m (2 — &)}, the celebrated Loewner equation

d 2
—gi(2) = —~———, go(2) =z €H,
dt 9:(2) — &(t)
corresponds to the Komatu—Loewner equation in D = HL
Since the image D; of g; above changes as time passes, there is also an ODE describing the motion
of the slits C;; of D;. We denote the left and right endpoints of C;; by z;(t) = x;(t) + iy;(t) and

27 (t) = x}(t) + iy;(t), respectively. Then, they satisfy the Komatu—Loewner equation for slits:

%yj (t) = =273, (2 (1), £(1)),
%Ij (t) = —27RYp, (2;(1),£(1)), ®
25 () = —2mRUp, (5 (1), £(2).

We now follow this procedure in the opposite direction. Namely, for a continuous function ¢ : [0, c0) —
R, we first solve the Komatu-Loewner equation (2) for slits. By doing so, the family {D;} are determined,
and then we can solve (1) for ¢;(z), z € D.



We denote by t¢ the explosion time for the ODE (2).
t: =te Asup{t > 0;]g:(z) —£()[ > 0}, z€D,

is the explosion time of g;(z). Putting F} := {z € D;t, < t}, t < t¢, we can check that g;, t € [0,t¢), is a
unique conformal map from D \ F; onto D; satisfying the hydrodynamic normalization with a; = 2t.

The bounded set F; is not necessarily a curve but a (compact) H-hull in the sense that F; = HN F,
and that H \ F} is simply connected. We call both g; and F; the Komatu—Loewner evolution driven by &.

3 Characterization of the explosion time

It is a natural problem what happens if ¢, is finite. A reasonable guess is that the evolution F} should hit
the slits Uj C; at the time t¢. In terms of the slits C;; of Dy, this means that C;; is absorbed into the
real axis for some j as claimed in [1, Theorem 4.1].

Justifying this description is, however, not so trivial. The endpoints z;(t) and 2} (t) of the slits C}; is
merely the solution to the ODE (2), so, for some j, C;; may degenerate to one point or collide with each
other before reaching OH.

Our main theorem settles this problem as follows:

Theorem 1. Ifts < oo, then
lim min dist(Cj¢,&(t)) = 0. (3)

t e 1<j<N

The conclusion (3) obviously implies lim; »;, y;(t) = 0 for some j, which is exactly the observation by

[1].

For the proof, we assume that the conclusion does not hold. It suffices to extend the solution z;(t)
and 27 (t) beyond t¢ so that the corresponding {Cj;} still represent N disjoint slits in H. To this end, we
interpret the complicated evolution g; and F; in D as a simpler one g{ and F; in H, which is the method
essential in [4]. ¢? and F; extend to a Loewner evolution in H over the time interval [0,¢¢]. Then, by a
version of Carathéodory’s kernel theorem (cf. [5, Theorem 15.4.7]), {g; 0 (¢?)~';t < t¢} extends to a family
of conformal maps over [0,%¢]. This implies that the limits z;(t¢) and 2] (t¢) still represent N slits in H.
We are thus led to a contradiction.

If time permits, I shall also explain the finite time explosion of the stochastic Komatu—Loewner evolution
(SKLE) for specific parameters.

We define the domain constant k as

1
z—&o
SKLE 5, is a Komatu-Loewner evolution driven by the random function § determined by the system of
SDEs (2) and

K(D,&) = 2 Jim (\I/D(z,fo) + % ) . & € OH.

dé(t) = —k(Dy, &(t))dt + V6dB, (4)
where B; is a one-dimensional standard Brownian motion.
Proposition 2. Let ¢ be the explosion time for the SDEs (2) and (4). It holds that ¢ < oo almost surely.
Proposition 2 is proven by interpreting SLEg as SKLE JB.k similarly to the proof of Theorem 1.
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Radial processes on RCD*(K, N) spaces

Kazumasa Kuwada and Kazuhiro Kuwae
(Tohoku University and Fukuoka University)

1 RCD*(K, N)-SPACE

Let CYP(X) be the set of Lipschitz functions on X. Let Ch: L?(X;m) — [0, 0] be given by

Ch(f) ::;inf{ lim / |Dfn|* dm ‘ fo €CHP(X)NLA(X;m), fr — f in LQ(X;m)},
X

n—oo

D(Ch) :={f € L*(X;m) | Ch(f) < oo},
where |Dg| : X — [0, 00] is local Lipschitz constant of g : X — R defined by

Dylla) o= T ) =001

For f € L?(X;m) with Ch(f) < oo, we have |Df|,, € L?(X;m) such that

Ch(s) = 5 [ DS am. (1.1)

We call |Df|,, minimal weak upper gradient of f. To state the precise definition of |D f|,,, we
need some notions in optimal transport. We call (X,d, m) to be infinitesimally Hilbertian, if
Ch satisfies the parallelogram law. Note that minimal weak upper gradients also satisfies the
parallelogram law if (X, d, m) is infinitesimally Hilbertian. It means that there exists a bilinear
form (D-, D-) : D(Ch) x D(Ch) — L'(X;m) such that (Df, Df) = |Df|?. We denote the (non-
positive definite) selfadjoint operator associated with 2Ch by A. Throughout my talk, we will
assume K € Rand N € [1,00].

Definition 1.1 We call that (X,d,m) is an RCD*(K, N) space if it satisfies the following con-
ditions:

(i) (X,d,m) is infinitesimally Hilbertian.

(ii) There exists zo € X and a constant ¢,C > 0 such that Vy(zq) < Ce"”.

(iii) If f € D(Ch) satisfies |Df|w < 1 m-a.e., then f has a 1-Lipschitz representative.

(iv) For any f € D(A) with Af € D(Ch) and g € D(A) N L>®(X;m) with g > 0 and Ag €
L (X;m),

3 | 10rPagan~ [ (Dg.DARgdn > K [ IDfEgdm s [ (Ap2gdm



2 MaAIN RESULTS

>

if

For p € X, let the radial function r, : X — R be given by ry(z) := d(p,z). Let k := =5
. We

N >1,:=0if N =1, and s.(t) := sin(y/xt)/v/k and cot,(t) := (logs(t)) = s, (t)/sk(t
interpret so(t) as limg_05.(¢)(= t).

Let X = (2, M, (X¢)t>0, (Pz)zex) with a filtration (.%;)i>0 be the diffusion process canoni-
cally associated with (£, F). Let o, be the first hitting time of X to {p}. Our main theorem is a
stochastic expression of the radial process r,(X;). A simplified version can be stated as follows:

=

~—

Theorem 2.1 (Stochastic expression of radial process)

i) For the part process Xx of X on X \ {p}, there exists a positive continuous additive
\{p}
functional Az in the strict sense and a one-dimensional standard Brownian motion B such
that

rp(Xt) — 7p(X0) = V2B + (N — 1) /Ot coty orp(Xs)ds — Ay (2.1)

holds for allt € [0,0p] Py-a.s. for allz € X \ {p}.

(i) If the condition (R2) below is satisfied, then (i) holds for X in place of X\{p} and (2.1) holds
for allt € [0,00[ Py-a.s. for every x € X. In particular, f(rp(Xt)) is a semimartingale.

Definition 2.2 We say that p € X satisfies the condition (R1) if r;t € L (X;m). We say that
p € X werifies the condition (R2) if there exist & > 0 and Cg, > 0 such that

_ b / dm _ Ce
m(Be(p) JBep) ™» €
for any & €]0,&]. Note that (R2) immediately implies (R1).

Lemma 2.3 Suppose N > 1 and that there exists Cyy > 0 and § > 0 such that m(B,(p)) < CyrY
holds for r € [0,0[. Then p € X satisfies the condition (R2).

Note that this sufficient condition holds for any p € X on N-dimensional Alexandrov spaces
equipped with N-dimensional Hausdorff measure with N > 2.

Assumption 1 E; = 0.
Here F; is the 1-dimensional part of the RCD*(K, N)-space. If Ey # ), then X = E; (see [2]).
Theorem 2.4 Suppose Assumption 1. Then {p} is polar for m-a.e. p € X.

Proposition 2.5 Suppose Assumption 1. Then m-a.e. p € X satisfies (R2).
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Unimodality for stochastic processes in classical and free probability
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Approximation and duality problems about refracted
processes
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XeYDOTOREMEREL TS, 72720, 0 BEEIT irregular RGEIE, 0 2 HFEL 0T
{19 DR ERE DR 2 €A L 72 d O % JAHIE L IR & 3—%.

BE% ¢ : (0,00) X (—00,0) — (—00,0) I

ny [1 - e*TofE};(XTO__’XTO_) [e™]:0<Ty <Tp| <o (2.2)
Ei-3TH0DeT 5. 2O XBEMBEMEEIZ LI2T 5.
JHEHIE n ZLFO XS ITERT S T RTOIEAFHPLEEL FIZH U,
ng [F(U)] = cong [F(Y) : Ty = 0]
+ngy { g; LX) [FlwoY) |, - X:O<TO<T0]
+n) [F(X): Ty =To) 0 (2.3)

G729, 12720, oo FFEELRET, X IZDOWT 0 BHEHFIZH U Tirregular 23546,
ULIEY IZDWT 04 (—o00,0) 12X U T irregular 2556 & ¢ = 0 2729, £7z,

X < Ty, t), t <
N
5, A>Ty, Yic¢w), t2=¢(w).

ThD. FEHE U LB, ¢ e R\{0) &AL 0 TEIET 2 ERBROEN PY & &
BT 5. R R FINT, R 1l ¥ AR DR PY & o 8 U & s 3.

B 2.1, AU X Feller B2 £D. Ko T U IJEHERIETH 5.

(2.4)
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AHEHTIE TV T IA4 RX—F VX LY 4 —72 (lamplighter random walk) D% v b % 7BGIZ DWW Tikin g
5, 297G LEDITVTIAR=TFTLIEGDOEHE[IT VT (={0,1}) ZNMLTTEST T 7 (221G &
WIPND) THY, FVTIAR=T VR F—DIBBED T VX LAT A= DEES IS HIZT VA ALIZT Y
7D on/off DEMEEMAZELDTH Y, (MED) BELEDT VX LY+ — 27 OPHATIEHERICHSEINT WS, A1y
MATZBGLIE, (BR) Va7 @ HONms 23] AEDHIPERT 2BH{DZ L THH, ARvILa
7 EEH OB R O CTHULRTED —DTH 5,

A, TV X LY A — 27 DEHUT K WL (late point) DFZEANEFIZIRI N TN DD, WENZR T Y X LT+ —
7 (BIZIEZ4d>3) EOT Y X LT+—2) D late point 725121EH E VBV, WO HEEZ, SV
TAR=FVRLT F— 2 DEAKERH (mixing time) X7 v b4 7 B4 (cutoff phenomenon) D B D Ffil A
TERMIZHED LWSHADPLINT WS ([2], FAIEHICHEETDLHDE LT [3]), AHEHTIEZ, @ERLYE
A2 TR (GR) ARNZREE (HBEBERRHE LTI I 727XV EDT VR LY 4—2) £EHT, TV 774
R—=F UV ELY 5 — 2 DRGHRHEPA Y F 7BR2HERT 5,

B2 DEMBEIE, LFOI VT IA4R—=F VX LI+ —0 DAy MATBHRIZEHTHMHTH S,

Theorem 1 (Dembo, Kumagai and N. [1]). ARZ'Z 7 D4 {GMN YN &, (i) dp-set Zf: (c71rds < 4B (z,7) <
erds ) & (ii) (uniform) parabolic Harnack REX %7 T LINET 5, ZDL X,
(a) LU {GM}y DEHERNR S, SV TIAR=FVRELI =213 hy bATEREER,
(5) BU{GM)y MBI 5, TV T T4 R—F VALY £ —21% 1T, (GNV) 2L LCHY b 47 %
B, (HU Too (G 13 HARH BRI 2 £ 5, )
Hex DRERZEBRIL (a) DEATH D, (a) DS RERZERIE, 72X L7 4 — 27 PEERNLEA
PRS2 DSEIIZEEF (concentrate) L TWRW, EWD ZETHDDITH U, (b) DE D AER LB 134

BIGRPZ OFEIJZER LT WS, EWVWS 2L THD, TR (o) DHEITREWERMPEEIZRDE 2D
TATTa2EETEI e ailA KEIZRBDHNIE (b) % late point & DBIHIZE KT 2,
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1. EA

MERZEM (X, Fop) &, G=7% £72IERIDMEAT ZRMEH Te = {T,: g € G} OMERHN¥R L
MRS, (X, Fopy Tga) MRV X AT T N THD L, BRMEREREZO EOY T N EFEBIZRZZ LT
Hb. Fl (X, F, o, Tra) BN 70 —=ThH 5 &I, £z 74 ERICHIR U 72 (X, F, u, Tza) DIV
XA T MNIRBIETHD. AHHTIIINSZHIZAN XA LR L1275,

BEBUT AT R AGEFE D AL XA M 2] IEBEIZAI S T2 DS, OGS II R TH - 7. ARFEHE T,
R.Lyons-J.Steif [2] (2 & % Z¢ EOEHATHIRACARED )L X A W2 HGEICRS B, ZOREE RIS 5.
FERATCI, %9 [3] TEA U475 X AGERE O BERGE AU U TV X A %779, BIZ, Ornstein D[
RIBERIZ B 1) B 3BT & 0B EfIc /S EIF 5 2 & ©, M orsRAuRfED )L X 1 M GEH
T5.

TH NGB £ 13 Z D (Lebesgue MIEEIZH 95 ) MHEARE pm 23, BB K D175 TH5 2 6N 5 5
BEIETH B!

P,y ) = det[K (i, 25)]7 24

R? EDOVATBEIAL B K (2,y) = k(x —y) %25 D75 RAURRRITEITBEI AL L 5. KT
1220 &5 BATHIRAGRFICH LT, NV XA HEERT. 2OV A HEE 3] TRLUZ tail HBMEE D
LEICHEWEBETH 5.
2. BRE
TR 22 (X, F,ou), (V,G,v) BAMTHZ & I3HER 1 OES Xy & YV OMDOLEL o BIFIEL T,
1o gp_l =V eRBILTHD. £, RHUINFER (X, F,u, Te), (¥,G,v,Ug) MWEBTH 5 & IR
DR o BFEIELT poT,=U 00 (YgeG) 2B THS.
RUHEZRDORBIZBEWTZ Y POV —EREETH HD, —RIZITTZEAERETIXA . Ornstein
1969 FEI2 d = 1 DRV XA YT MZBEWTZY MY —DRefLRBERE5ZE2RUEZ. TDH%
Ornstein [FBEGRIZMENEREAEH § 2 2 MDA 1T £ TR S 17z [4). AEHTIE 29 £721% R 2MEH
TEGEDHRERD. LTSRS EH TR ZEMED [0,1] EOVR—ZREICFEETH L LT 5.
KRR K (z,y) = k(z —y) %, kPY[0,1] 122 B B8 k € LY(RY) 7 — 1) T2

k(z) = /R Ko

THEALNEHDE TS, FIRE, k(z) = 222 PUAGITHS. 20 SHBBKY K 075 TH
A SN AT BAL L AGRFE (X, F, ) B —RIZEE 5 [5][6]. 22T, R LOIEEABEIES N flE
X = en 0z, () ZRELIFY, X IFRERKE $5H. X ITIEMHEPAYD, FIRTORVIVESKETSH
5. WEOFIBEHE Tpa &35, ROABHTRT EEHTH 5.

EE 1 (FEM). (X, F,u, Te) ERVXAL TH—TH 5.

3. §Tfﬁ§?ﬁ (Z7 H? la7 VZd) K%E%&ﬁ{u (y7 g? v, UZd>
Ornstein D FFHIZENT, IROTEHEIH SN TWS.

EI 2 (Ornstein). (X, F, u, Tga) D Tza-RERAHISEIDF] {E, : n € N} T, & &,-fLMNRTY b0
C—ARAXNVIAY T b THLI, ZOMD E=V, cnén ICEDBEBINNVIAT T M THS.

R? D8] X, = {T10 [2), 2 + gimr) : 2 € gir 29} IZHL, X DHEI%

&n = \/ {{x € X;x(A) =m} :m € No}

AeXy



TEDDE, B2 XD, (X, F,u Tra) DIV A M (X, F, 1, Tga) D Eu-FAEHD )L X A1 M IR
INB. UFOHEREn ITKSRNDT, & DEBEBIZONTRRS,

Fri=ol[{x € X;x(A) =m} :m € No, A € X1] 1T X D5RMAHER u(-|F1) X A< 2 O T 2 ED
AR AL GBI A S, BB EE Ve & UZ ORI FER%E (2,H,1,Vze) EBL. THiZ
(X, F, 1, Tga) D §-FIEMTH S,

{X, :n e N} 25 LAH(RY) EORHIREMERIEE © = {¢., : (z,n) € Z x N} 2k T2 2 LT,
FD TRV EDKGEE

K((n () = [ Ko @) Wdedy

X Z% x N EOHEBATHRAGBREE2RET 5. K OFTBEALELD, ZosuEfix zd AL
FATBIAETH 5. FrBEIE Uy & ULZORHINER%E (V,G,10,Uz) & BX.

N AHOEEDHFE % 11 : Conf(Z? x N) — Conf(Z4) LB &, poll ' =v &45. /-oT, plkv
DREHE 725, Z 2T Ornstein DFEBIFEGRIZE VT, ROEHIHMSNT WS,

EHE 3 (Ornstein). NNV X A Y7 NOEEOHHTRWVWEHEHIINVIA YT N TH 5.
M3 K0, (Z,H,[1,Vza) DNV A MEITEESAL (V,G,v,Uze) DNV A EIZRESINS.
BE 1. (V,G,0,Ug) BRVXA YT S THNE, (X, F, 4, Tra) I ENVIXALT70—Th 5.
4. BEEGERL (Y, G, v, Uga) DRIV X A 1
ZEx NOREY, = {{z} x {1},.... e} x {n}, {z} x {n,n+1...}: 2 € Z4} 1T L, Y Op#El%

mo=\ {{v € Viy(4) = 0}, {y € ¥;y(4) > 1}}

A€Y,

TEDDE, TH2 LD n,-BEBNEIN XA THBZ 2 REIRME LRI NE. 20 n,-HEHE 74
AERERAYVRERLGE S, 2 RERERAY VR TIE, FETONI Y ZHEHD 1 ¥RD Wasserstein
PRt % d BEEE L EOY, IROEHEAH ST WS,

EE 4. (Ornstein) Z AEBRARALE VRIZB VTRV XA M d FEETH U TV 5.

2] LIRBRIZIEREEE K D 7 — ) ZEMDMGED & 0,-FEBRO NNV XA 7 M2 LD diEBlE MR L, B
Ay TV &Y d TONCREFHIT 5. A4 KD n,-BEBORVIAHERREINS.
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Let T, 5, (n € {1,2,...},8 > 0) be a symmetric tridiagonal matrix whose entries are inde-
pendent (up to the symmetric constraint) and are distributed as

N(0,1) Xn-1)s
S V2 | Xm-1s N(0,1) X(m—2)8
n,g = VnB .
X3 N(0,1)
Here N (p1, 02) denotes the Gaussian distribution with mean p and variance o2, and Y denotes
the distribution of the square root of the gamma distribution with parameters (k/2,1). Then
the eigenvalues (A1,...,\,) of T}, g have the following joint density

B A24. 422
pn,ﬁ()\la - ,)\n) X H ‘)\j — )\Z"BG T (AT +)‘"),
1<j
which is referred to as Gaussian beta ensembles. These models were introduced in [2]. For
B = 1,2 and 4, they recover the well-known Gaussian orthogonal/unitary/symplectic ensembles,

respectively.
Let

1 n
Lngp =~ > s
j=1

with J) being a Dirac measure, be the empirical distribution of T;, 3. For fixed 3, the empirical
distribution L, g converges to the semicircle distribution, which is well known as Wigner’s
semicircle law. However, Wigner’s semicircle law is not restricted to the case of fixed 5. A
complete description of the global law for Gaussian beta ensembles can be found in [5].

Theorem 1 (Global law). (i) As n — oo with n3 — oo, the empirical distribution L, g
converges weakly to the semicircle distribution, almost surely. This means that for any
bounded continuous function f, almost surely,

n 2 —
[ @izas@ =23 500 > [ @ a,
i=1 -

probability measure with density (2mw)~ — x*1i_991(x) 15 called the semicircle distri-
A babili ith density (2 1V/4 21[ 2] ] lled th icircle distri
bution.)

(i) As n — oo with nf — 2a € (0,00), the empirical distribution L, g converges weakly to a
measure Vo, almost surely. Here the density of vy is given by vo = v/afia(y/ax) with

7332/2 1 R 00 2

e (0} t

o (2) = ———— where fo(z) = |=—— [ t“ ez Ty,
)7 (l‘) \/27 ’ a( )’2 where (l‘) ( )/0 e

1




A central limit theorem is also investigated. Refer to [5] and the references therein for more
details.

The aim of this talk is to show the Poisson statistics for bulk statistics as nf3 — 2« € [0, 00).
For convenience, we consider a rescaled version of T}, 3,

N(0,1) Xm-1)s

. Xm-18 N(0,1) Xmn-2)s

Tn’/B - . * .
X3 N(0,1)
For the global behavior, note that the empirical distribution of ang converges weakly to [iq,

almost surely. Note also that, under this scaling, the case o = 0 is treated similarly in which
the limiting measure is nothing but the standard Gaussian distribution A(0,1).

Theorem 2 (Local law/bulk statistics). For firzed E € R, as n — oo with nf — 2« € [0,00),
the point process

Snp = Z On(r;—E)
j=1

converges weakly to a homogeneous Poisson point process with intensity i (E). Here (A1,...,Ap)
are the eigenvalues of T, g.

By analyzing the joint density, it was shown in [1] that the bulk statistics &, g converges
weakly to a homogeneous Poisson point process with intensity 6z, where

1 E?
0p = ——ex —+2a/lo E —ylpa(d )
o= o (5 & 112~ yia(dy)

We introduce another approach to derive the Poisson statistics via the tridiagonal random
matrix models. In the regime where nf — 2«, the diagonal of T}, g is an i.i.d. (independent
identically distributed) sequence while the sub-diagonal is uniformly “bounded”. This obser-
vation suggests us to use a well-known method of Minami [3]. For this purpose, we need (i)
Wegner’s bound, (ii) Minami’s bound, (iii) exponential decay of Green’s functions and (iv) local
law. Here the local law (iv) requires that E[¢, s(1)] = E[#{)\; € E + n"'I}] — fa(E)|I], for
any bounded interval I. A non-trivial identity 0p = fio(E) is then derived by this approach.

In the model considered in [3], the exponential decay of Green’s functions (iii) and the local
law (iv) are consequence of stationary invariant property. However, it is not the case for the
matrix Tn,g. To show these two properties are the main issue of this approach. Detailed proofs
can be found in the preprint [4].
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