Asymptotic behavior of lifetime sums of random simplicial

complex processes
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Jump processes on the boundaries of random trees
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Regularity estimates for anisotropic nonlocal operators
by Jamil Chaker (Bielefeld University)

(Joint work with Moritz Kassmann)

In this talk we study weak solutions to nonlocal equations driven by integro-differential
operators of the form

Lu(z) = lim (u(y) — u(z)) p(z, dy),
e—0 R\ B (z)

where (u(z, ) epa is a symmetric family of measures. Given u(z,dy) and u,v € L%(R?)
we define the corresponding bilinear forms

ewn) = [ [ ule) = uw)w(a) = o) .y da.

For given o, ..., aq € (0,2) consider the family of measures (ftaxes(, dy)) cre defined
as follows

d
praxes (7, dy) = O | (2 — ap)lwe — vl T dyp [ [ 60y (dwi) |, 2 € RY
k=1 ik

and the metric on RY

d(z,y) == sup {Ifck — | O L, <y (2, ) + ]1{\xk—yk|>1}(af7y)} ;
ke{1,...,d}
where apay := max{aq,...,aq}. We denote balls in the metric d with radius r > 0 and

center x € R? by M, (x). The family fraxes(z, ) plays the role of the reference family for
wu(z,-) in the sense that we assume the corresponding energy forms to be locally compa-
rable.

The aim of this talk is to study weak solutions to
Lu=f in M, (z) (1)

for sufficiently smooth f. Under suitable assumptions on the family p(z,-) we prove
an a priori Holder estimate for weak solutions to Lu = 0 with the help of a weak
Harnack inequality. Let © € R? be open. To put the problem into a functional analytic
framework, we define appropriate function spaces. Weak solutions are defined with the
help of symmetric nonlocal bilinear forms. The space of test functions consists of all
functions u € L?(Q2) with u = 0 on Q¢ and

/Rd /Rd (u(y) — w(2))? p(z,dy) dz < .



This space is denoted by HA(R?). Solutions are defined on the space V#(Q|R?), which
consist of all functions u € L?(Q) with

/Q/Rd(“(y) — u(2))? p(z, dy) dz < oco.

To obtain the weak Harnack inequality, we have to derive some functional inequalities for
our bilinear forms such as a localized Sobolev-type inequality and a Poincaré inequality
for functions from the space of solutions.

We obtain two main results. The first is a weak Harnack inequality for weak superso-
lutions to (1).

Theorem 1. Let f € LY(M;(0)) for some g > max{2, (a1)™ 1 + -+ + (aqg) "1}
Let u € V“(M1(0)|Rd), u >0 in M;(0) satisfy

E(u,d) > (f,¢)  for every non-negative ¢ € Hlﬁ\tﬁ(o) (RY). (2)

Then there exists py € (0,1), ¢1 > 0, independent of u, such that

1/po
inf u>c ][ u(x)P0 da — sup 2/ u (2)u(z,dz) — || f .
My (0) 1( My 0) (=) ) vetyy © S\ (2)p(w, dz) = [ fllzaarys o))

The a priori Holder estimate for weak solutions follows from the weak Harnack inequal-
ity and a decay of oscillation for weak solutions. Using these two estimates we deduce
an Holder estimate for weak solutions, which is the second main result of this talk.

Theorem 2. Assume u € V“(Ml‘Rd) satisfies
E(u, @) =0 for every non-negative ¢ € Hx/h (RY).

Then there are c; > 1 and § € (0,1), independent of u, such that the following Holder
estimate holds for almost every x,y € M1
2

u(z) = u(y)] < allullocle -yl (3)



HEERRFRICHT DHUEREFL T ) -V ARAK

MAKIKO SASADA

In the diffusive hydrodynamic limit for a symmetric interacting particle
system (such as the exclusion process, the zero range process, the stochastic
Ginzburg-Landau model, the energy exchange model), a possibly non-linear
diffusion equation is derived as the hydrodynamic equation. The bulk dif-
fusion coefficient of the limiting equation is given by Green-Kubo formula
and it can be characterized by a variational formula. In the case the system
satisfies the gradient condition, the variational problem is explicitly solved
and the diffusion coefficient is given from the Green-Kubo formula through
a static average only. In other words, the contribution of the dynamical
part of Green-Kubo formula is 0. In this talk, we consider the converse,
namely if the contribution of the dynamical part of Green-Kubo formula is
0, does it imply the system satisfies the gradient condition or not. We show
that if the equilibrium measure p is product and L? space of its single site
marginal is separable, then the converse also holds.

As an application of the result, we consider a class of stochastic models
for energy transport studied by Gaspard and Gilbert in [1, 2], where the
exact problem is discussed for this specific model.
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On properties of optimal paths in First Passage
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Some properties of density functions on maxima of solutions to
one-dimensional stochastic differential equations

Tomonori Nakatsu (Shibaura Institute of Technology)*

1 Introduction

This talk is based on [4].
In this talk, we shall deal with the following one-dimensional stochastic differential equation (SDE),

¢ ¢
X =1 +/ b(s, Xs)ds +/ o(s, Xs)dWs, (1)
0 0

where b,0 : [0,00) X R — R are measurable functions and {W4, ¢ € [0,00)} denotes a one-dimensional standard
Brownian motion defined on a probability space (2, F, P). We will consider discrete time maximum and con-
tinuous time maximum which are defined by M7 := max{Xy,, -+, Xy, } and My := maxo<;<7 X, respectively,
where the time interval [0,7] and the time partition A, : 0 <t; < --- < t, =T, n > 2 are fixed. We use the
notations pan, puy, and px, to denote the density functions of Mz, My and Xr, respectively.

The first goal of the talk is to show lower and upper bounds of ppn. Due to the structure of the upper
bound obtained here, it is not immediately apparent whether we can show the pointwise convergence of pasy (x)
as n — oo for a fixed x. As the second goal, we will show the pointwise convergence of prz () to pay(z) as
n — oo for a fixed x by means of an integration by parts formula. Finally, we will prove the positivity of pas,.
and a relationship between pys, and px,..

2 Main results

Assumption (A)
We assume the following.

(A1) Fort € [0,00), b(t,),o(t,-) € C}(R;R) uniformly with respect to ¢ € [0,00).

(A2) There exists ¢ > 0 such that |o(t,z)| > ¢ for all (¢,z) € [0,00) x R.

Theorem 1. Assume (A). Then, the probability density function of Mz, pur satisfies
n n—k

1 = 1 oy ems0)?
n_1 Z 227L7k71 H @(DT('I)) € K < Pmy (1‘)
2 i=1

Vi
mimy? k=1 k

n—1 n—1
< T 2 _ 1 1 e_MQ(I:-;O)2 " 1 B M2($729)2
MpM, = (2o Vi Vin
for any x € R, where
2 (tisy —
Dj(x) = M(x,xo),iz L k—1

titir1

2
and p(x) := fjoo e~z dy, and my,mg, My, My > 0 do not depend on x,y € R and s,t € [0,T]
*This research was supported by JSPS KAKENHI(17K14209)




Assumption (B)
We assume that the diffusion coefficient of (1) is of the form o(t,z) = 01(t)o2(x) and the following assump-
tion.

(B1) For t € [0,00), b(t,-) € CZ(R;R) uniformly with respect to t € [0, 00).
(B2) o1(-) € CP([0,00); R) and there exists ¢; > 0 such that |o1(t)| > ¢; for any ¢ € [0, 00).
(B3) 02(-) € C3(R;R) and there exists ¢ > 0 such that |o2(z)| > ¢ for any z € R.

The following proposition provides an expression of pas,..

Proposition 1. (Proposition 4 of [3]) Suppose (B). Let ag > xo be fixed arbitrarily. Then, there exists a
random variable Hy(1,a9) € LP(Q, P),Vp > 1 such that

puir (@) = EP [Liarpsay Hr (1, a0)]
for every x > ay.
Theorem 2. Suppose (B). Let ag > o be fized arbitrarily. Then, there exists a random variable H(1,a9) €
LP(Q, P),Vp > 1 such that

patp(@) = B [Larpsay HE(L 00)|
for every x > ag. Moreover, H}(1,aq) converges to Hr(1, ap) almost surely and in LP(Q), P),¥p > 1.
Corollary 1. Let ag > x¢ be fized. Then, we have, for x > ag

Py (z) = prry (),

as n — o0o.
Theorem 3. Suppose (B). Then, pyr.(x) > 0 for all x > xg.
Theorem 4. Suppose (B). Then, it holds that

lim sup w > 1.

200 PXp(T)
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Remark on pathwise unigueness for SDEs driven éwyL
processes

ATSUSHI TAKEUCHI* andHIROSHI TSUKADAT

Considerl-dimensional stochastic differential equations (SDESs) drivenéyylprocesses:
t t t
X = X+ /O a(Xs)ds+ /O b(Xe) V& + /O o(Xs.)dZs, 1)

whereW = {W; t > 0} is al-dimensional Brownian motion artl= {Z ;t > 0} is al-dimensional levy process.

We shall investigate the pathwise uniqueness for the SDE. Recall the known results on the pathwise uniqueness for
the SDEs {) whereZ is a stable process of indéx< a < 2 with parametergr_, r) characterized by the triplet

(Va, O, vﬁ_yu(dz)) as follows:r,, r_ are non-negative constants with <r_, and

Vv (d2) =271 Tpeq) + T4 L0 } A2 Vo = —/

zv? . (d2).
‘Z|>1 I'f,l'+( )
e Itis well-known that the pathwise uniqueness holds, i, c are Lipschitz condition.

e As for the case without the procegs that is, whenc = 0, Yamada and Watanabé][have proved the
pathwise uniquness #is locally Lipschitz continuous andis locally 1/2-Holder continuous.

¢ In case where the driving process is a symmetric pure-jump type, thatis,avhen0andr_ =r ., Komatsu
[2] has done it is locally 1/ a-Holder continuous.

e As for the case without the proceds that is, wherb = 0, Fournier [L] has proved the pathwise unique-
ness ifa is decreasing and continuous ands increasing anda — 3)/a-Holder-continuous wher@ =
B(a,r_/ry) € [a—1,1] satisfies thafy {|1+2F —1-Bz}v? | (d2=0.

e When the procesZ is a spectrally stable process thatiis,= 0, Li and Mytnik [3] have done ifa is
decreasing and continuous anis locally 1/2-Holder continuous andis increasing and locallyo — 1) /a-
Holder continuous.

In this talk, we study the problem on the pathwise uniqueness of the solutions to the HR#®ge(eZ is a

Lévy process characterized by the triplg§ —“*, 0, vg~“* (d2)) wherevy " is the Levy measure given by

Vg"a+ (dZ) = p(Z) (|Z|7a771]1(z<0) + |Z‘7a+7lﬂ(z>0)) d27
wherep is a bounded measurable function such that

p(0+) = lim p(2) >0, p(0-)= lim p(2) >0,

*E-mail addresstakeuchi@sci.osaka-cu.ac.jp , Postal address: Department of Mathematics, Osaka City University, Sugimoto
3-3-138, Sumiyoshi-ku, Osaka 558-8585, Japan.
T E-mail addressd15sacOp04@st.osaka-cu.ac.jp , Postal address: Department of Mathematics, Osaka City University, Sugimoto

3-3-138, Sumiyoshi-ku, Osaka 558-8585, Japan.



anda_, a; € (1,2) such thawr- < a., andy, *“* is the drift parameter given byp " = — [, zv, %" (d2).

Our class of driving processes includes parts of stable processes, truncated stable ones, tempered stable ones
and relativistic stable ones. In this talk, we shall obtain the condition on the drift coeffeci@nd the Hblder

conditions on diffusion coefficients ¢ under which the pathwise uniqueness can be justified for the SDE driven

by such processes.

e For eachN > 0, there exists a positive constait(N) satisfying with

Ib(x) — b(%)| < K1(N)|x—%|®P)/2_ forall |x|, || <N. )

e For eachN > 0, there exists a positive constatit(N) satisfying with

le(X) — ¢(R)] < Ka(N) [x— /(@ =P/ for all [x], [ < N. ®3)

Theorem 1 Leta_ = a; =: a andp(0—) < p(0+). Write o = B(a,p(0—)/p(0+)) where
p(0—)?sir?(mta) — {p(0+) + p(0—) cog )}
p(0-)ZsirP(a) + {p(0+) + p(0-) cosma)}? |

Suppose that the coefficients of the SIEsatisfy the conditiong2), (3) with 3 € (0, By), and that the function a
is decreasing and the function c is increasing. Then, the pathwise uniqueness of the solutions to theca8BE
be justified.

B(a.,p(0-)/p(04)) = 7 arccog

Theorem 2 Leta_ < a. Suppose that the coefficientshac satisfy the condition€), (3) with 8 € (0, 1), and
that the function a is decreasing and the function c is increasing. Then, the pathwise uniqueness of the solutions to
the SDE(1) can be justified.
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WERER X, ..., Xg DEKOAEHRLRTIERD G & 725 BEHH M, FEO RS
S ax Xy (a1,... a4 € R) DHHER R ERDHEICRDZETELMONTWVWS, L
UIEBID A A3 D MEFR /2 R vl REVE (2 B U CIRIBR 7R+ 5132 L 22\, D F D AERE D — Ik
OB RAEETH DD, N5 DR MHITMB MR AHETRVE DOBEET
% (4 IBVnT, Y1y iy — o Mdfle LTEITONTWD), I TAMETIE, TE
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2. ¥ =XKL ¥ —2 04
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1) ()=
n=1
(2) =T
peP

ZZTPIEEREIRTH B,

Z O B R YRR O Mot Rt o > 112 WT, V—< v - ¥ —XEEE H W=
LFDOR EDODHAEPEHEIND,

E&E 2.2 (V—<V - ¥—273M). o >1IZHLT, UFTHEAONIHERIE u, 2V —<
\\/ * ’E“—'&ﬁj\jﬁtb\5o

n—O’

o ({—logn}) = o) n € N.

V=< v - E—2a4E, i< & Khinchine [5] DXHREFIZFLI N T WD, T D531 DR
& UT, RREREA f,(t) = ((o +it)/C(o) (t €R) &7 5 Z L XMERDEAIRETH 5 Z & 55
NEIF o5,
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peP r=1
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4 (ZUoCHBE — 2B, [1)). d, m, reN, 5§€ CY, (ny,...,n,) €Z5, 2§ %, 2D
EENjup >0, €R (1< <r, 1<I<m). K&F|0(n1,...,n)| =O0((n1+ -+ +n,)%)
(Ve > 0) Z{ili7= S EBRBUERBIE O(ny, ..., ny) ISR UL BRI

B > O(ny,...,n,)
5= D ST e+ w)
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<{ 2011 102;(2 Auk (e e ) i:: ldlog(z Am(”k-i-uk))})

k=1

(€1,6)
O(n1,...,ny) )
_ H (Z Alk nk+Uk)> , (..., €75,

k=1

:@ﬁﬁ@%%%ﬁ@h®zzya+ﬂmya@%R%?526ma
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