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I am perhaps supposed to say some words in German.

Let me begin with that.

Welcome to Sendai, Japan.

Thank you very much for your participation in

this conference (I am not an organizer, though).

I hope you are enjoying the stay in Sendai and

the conference, and I wish you a nice further

stay in Japan.

Thank you very much also for being already here

for my talk, starting at as early as 9:30!
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1 Theme: Ass. in fixed U⇒ heat kernel est. on U?

B (M, d): a loc. cpt separbl metric sp., ∆ := ∞M

BX = ({Xt}t≥0, {Px}x∈M∆): a diffusion on M

B ∅6=U ⊂ M : open, τU := inf{t ≥ 0 | Xt 6∈ U}

Problem. Ass. on Xt, t < τU ⇒ Px[Xt ∈dy]|U ≤?

Aim.
(UHK)β

∃pt(x, y) := Px[Xt ∈dy]|U/dµ (β > 1)

≤ Ft(x, y) exp
(
−c(d(x, y)β/t)

1
β−1

)
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Exmp. •β = 2: Brownian motion on Rk & Riem. mfds

•β>2: diffusions on fractals, Liouville B.M.(Andres-K.)
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1/10

1 Theme: Ass. in fixed U⇒ heat kernel est. on U?

B (M, d): a loc. cpt separbl metric sp., ∆ := ∞M

BX = ({Xt}t≥0, {Px}x∈M∆): a diffusion on M

B ∅6=U ⊂ M : open, τU := inf{t ≥ 0 | Xt 6∈ U}

Problem. Ass. on Xt, t < τU ⇒ Px[Xt ∈dy]|U ≤?

Aim.
(UHK)β

∃pt(x, y) := Px[Xt ∈dy]|U/dµ (β > 1)

≤ Ft(x, y) exp
(
−c(d(x, y)β/t)

1
β−1

)
Exmp.•F µ,β

t (x, y) :=c/
q

µ
`

B(x, t1/β )
´

µ
`

B(y, t1/β )
´

˛

˛

˛

µ is (VD): µ(B(x,2r))≤cµ(B(x, r))•Ft(x, y) = ct−α



2/10

Known results 1: Gaussian estimates (β=2)

(UHK)2:
∃pt(x, y) := Px[Xt ∈dy]/dµ

≤ c1µ
`

B(x,
√

t)
´−1/2

µ
`

B(y,
√

t)
´−1/2

e−c2d(x,y )2/t

BM : a compl. Riem. mfds (⇒ ∃pt(x, y): smooth)

•RicM ≥0=⇒ pt(x, y) � (RHS of (UHK)2 above)
(BM: Li-Yau ’86, Uniformly elliptic diffusions: Saloff-Coste ’92)

• related to (VD), Poincaré, Sobolev, Faber-Krahn ineq.
(Grigor’yan ’92, ’94, Saloff-Coste ’92)analytic, localizable!

BGeneralize to loc. reg. Dirichlet sp.(Sturm ’95, ’96)

• Ass.: Intrinsic dist. is non-deg., compl.(exclude β>2!)
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Known results 2: Sub-Gaussian esti.(β > 2)

(UHK)β: ∃pt(x, y) := Px[Xt ∈dy]/dµ

≤ F µ,β
t (x, y) exp

(
−c(d(x, y)β/t)

1
β−1

)
Exmp(�).M : typical self-similar fractals(Barlow-Perkins’88,
Kumagai ’93, Fitzsimmons-Hambly-Kum.’94, Bar.-Bass ’92, ’99)
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•Advantage of probab. esti.: verifiable in examples

•Disadv.: difficult to localize Result: resolved THIS!

Rmk.Analytic esti.(BB-Kum.’06, Andres-Bar.’15): hard to verify!
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2 Result: localized upper bounds of heat kernels

B (M, d): a loc. cpt separbl metric sp., ∆ := ∞M

BX = ({Xt}t≥0, {Px}x∈M∆): a diffusion on M

Bµ: a σ-finite Borel measure on M

BN ⊂ M : Borel, such that ∀x ∈ M \ N , (ζ := τM )

Px[τM∆\N = ∞] = 1 (M \ N is X-invariant)

Px[ζ < ∞, Xζ− ∈M ] = 0 (X |M \N : no killing inside)

• Assume any bdd closed subset of (M, d) is compact.

Bβ ∈ (1, ∞), R ∈ (0, ∞)
B ∅6=U ⊂ M : open with diamd U ≤ R

BF =Ft(x, y) : (0, Rβ ]×U ×U → (0, ∞): Borel
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3 Key: a multiple Dynkin-Hunt formula

BM : a loc. cpt separbl metrizable sp., ∆:=∞M

BX = ({Xt}t≥0, {Px}x∈M∆):Hunt proc. on M

B ∅6=U ⊂ M : open, τU := inf{t ≥ 0 | Xt 6∈ U}
BB ⊂ M : Borel, σ̇B := inf{t ≥ 0 | Xt ∈ B}
BPtu(x) :=Ex[u(Xt)], PU

t u(x) :=Ex[u(Xt)1{t<τ U }]

Thm3 (multiple D-H formula). B
M⊂ U , τ1 := τU ,
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4 Verifying (DU): µ-a.e. HK est.⇔ E-q.e. HK est.

BM : a loc. cpt separbl metrizable sp., ∆:=∞M

BX = ({Xt}t≥0, {Px}x∈M∆):Hunt proc. on M

Bµ: a Borel meas. on M , µ(cpt)<∞, µ(open6=∅)>0

•Ass. X is µ-symm. and its Dirich. form is regular

B I ⊂ (0, ∞): open interv., J ⊂ I: countbl, dense

BU, V , W ⊂ M : open6=∅

(DU)U,R
F : ∀(t, x) ∈ (0, Rβ) × (U \ N), ∀A ⊂ U Borel,

Px[Xt ∈ A, t < τU ] ≤
∫

A
Ft(x, y) dµ(y).
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