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Motivation
An R%valued, d > 1, Lévy process ({Lt}t>0, {P*} ycre) is said to be
transient if

oo
EX {/ 1Ba(x)(Lt)dt:| < oo forall x € R? and all 2> 0,
0
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EX {/ 1Ba(x)(Lt)dt] < oo forall x € R? and all 2> 0,
0
and recurrent if

EX UO 1Ba(x)(L,)dt] = oo forall x € R? and all a > 0.
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An R%valued, d > 1, Lévy process ({Lt}>0, {P*}ycro) is said to be
transient if

EX {/ 1Ba(x)(Lt)dt] < oo forall x € R? and all 2> 0,
0

and recurrent if

EX UO 1Ba(x)(L,)dt] = oo forall x € R? and all a > 0.

Every Lévy process is either transient or recurrent.
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Motivation
Equivalently, {L:}+>0 is transient if, and only if,

P* (/ 18,00 (Le)dt < oo) =1 forallx e R% andall 2> 0
0
or if, and only if,

PX ( lim |L| = oo) =1 forall x € RY.
t— o0

Nikola Sandri¢ (TU Dresden/U Zagreb) Stochastic Analysis and Applications August 31 - September 4, 2015 4/30



Motivation
Equivalently, {L:}+>0 is transient if, and only if,

P (/0 15,00 (L)l < oo> =1 forall x € R? andall 2> 0

or if, and only if,

PX ( lim |L¢| = oo) =1 forall x € RY.
t— o0

Similarly, {L:}+>0 is recurrent if, and only if,

pX </0 15,00 (L)t = oo> =1 forallx € R andalla> 0

or if, and only if,

P (Iiminf|Lt —X| = oo> =1 forall x € R?,
t—o0
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Motivation

Problem: The above characterizations (definitions) are not practical.
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Motivation

Problem: The above characterizations (definitions) are not practical.

Every Lévy process {L;}+~o can be described in terms of its Fourier
transform,

EX |:ei<vaI_X>:| = e_tQ(f)7 t>0, X, €€ Rd,
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Motivation

Problem: The above characterizations (definitions) are not practical.

Every Lévy process {L;}+~o can be described in terms of its Fourier
transform,

EX [e’“’L"")} —e 9O >0, x,6 R,

where the characteristic exponent g : R? —; C has the following
representation

ale) = ite. by + (6. + |

. (1 — &y 4 i<§,}/>151(0)(}/)> v(dy).
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Motivation

Chung-Fuchs criterion: A Lévy process {L;}+>¢ is transient if, and only

if,
/Ba(o> ke (q(§)> d§ < oo forsome (all) a> 0.
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Motivation

Chung-Fuchs criterion: A Lévy process {L;}+>¢ is transient if, and only
if,

/Ba(O) ke <q(1§)> d¢ < oo forsome (all) a>0.

Goal: To extend the Chung-Fuchs criterion on a broader class of
processes.
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Preliminaries on Lévy-type Processes

A Feller process ({Ft}t>0, {P*} xcre) With state space R is a strong
Markov process whose associated operator semigroup { Pt} >0,

Pf(x) :=EX[f(F)]., t>0, x € R fe By(RY),

enjoys:
@ P(C(RY)) C Cou(RY) forall t >0
@ lim;_,q||Pif — f|loo = O forall f € Coo(RY).

Nikola Sandri¢ (TU Dresden/U Zagreb) Stochastic Analysis and Applications August 31 - September 4, 2015 7130



Preliminaries on Lévy-type Processes

A Feller process ({Ft}t>0, {P*} xcre) With state space R is a strong
Markov process whose associated operator semigroup { Pt} >0,
Pf(x) :=EX[f(F)]., t>0, x € R fe By(RY),
enjoys:
@ P(C(RY)) C Cou(RY) forall t >0
@ lim;_,q||Pif — f|loo = O forall f € Coo(RY).

The infinitesimal generator (A, D 4) of the semigroup {P;}+>0 is given
by the strong limit

Af = lim Pl — f
t—s0 t

on the set D4 C Coo(RY) of all f € C.(RY) for which the above limit
exists with respect to || - || .
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Preliminaries on Lévy-type Processes

Theorem (Courrége 1965)

Let (A, D) be a Feller generator which satisfies

(C1) CX(RY) C D4.
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Preliminaries on Lévy-type Processes

Theorem (Courrége 1965)

Let (A, D) be a Feller generator which satisfies

(C1) CX(RY) C D4.

Then Al ¢ (ro) is a pseudo-differential operator, i.e., it has the
representation

Algze ey f(X) = /qxs (€036 de.
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Preliminaries on Lévy-type Processes

Theorem (Courrége 1965)

Let (A, D) be a Feller generator which satisfies

(C1) CX(RY) C D4.

Then Al ¢ (ro) is a pseudo-differential operator, i.e., it has the
representation

Aoz ) = = [ alx. e/ Te)ek
The function g : R? x RY — C is called the symbol of the

pseudo-differential operator. It is measurable and locally bounded in
(x, &) and continuous negative definite as a function of .
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Preliminaries on Lévy-type Processes

Theorem (continued)

In particular, the function £ — q(x, &) enjoys the Lévy-Khintchine
representation

4(x.€) =a(x) — i€, b(x)) + (€. CLx)E)

_ /Rd <e"<5’y> —1-— i(ﬁ,}’>131(0)(}’)> v(x, dy).
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Theorem (continued)

In particular, the function £ — q(x, &) enjoys the Lévy-Khintchine
representation

4(x.€) =a(x) — i€, b(x)) + (€. CLx)E)

- /Rd <e"<f’y> —1- i<§,}/>131(0)(}’)> v(x, dy).

Further, we also assume:

(C2) 119(-,€)|l < (1 + |£[?) for some ¢ > 0,
(C3) g(x,0) = a(x) =0forall x € RY.
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Preliminaries on Lévy-type Processes

Theorem (continued)

In particular, the function £ — q(x, &) enjoys the Lévy-Khintchine
representation

4(x.€) =a(x) — i€, b(x)) + (€. CLx)E)

- /Rd <e"<f’y> —1- i<§,}/>131(0)(}’)> v(x, dy).

Further, we also assume:

(C2) 119(-,€)|l < (1 + |£[?) for some ¢ > 0,
(C3) g(x,0) = a(x) =0forall x € RY.

A Feller process satisfying (C1), (C2) and (C3) is called a Lévy-type
process.
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Transience and Recurrence of Lévy-type Processes

An R9%-valued, d > 1, Markov process ({M;}>0, {P*},cra) is called

@ irreducible if there exists a o-finite measure ¢ on B(RY) such that

¢(B) > 0 = E* {/ ‘IB(Mt)dt] >0 forall xeRY.
0
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Transience and Recurrence of Lévy-type Processes

An R9%-valued, d > 1, Markov process ({M;}>0, {P*},cra) is called

@ irreducible if there exists a o-finite measure ¢ on B(RY) such that

¢(B) > 0 = E* {/ 13(M¢)dt] >0 forall xeRY.
0

@ transient if it is irreducible and if there exists a countable covering
{Bj}jen C B(RY) of R? such that for each j there is a finite
constant C; > 0 such that

EX [/ 1Bj(Mt)dt} < C; forall xR
0
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Transience and Recurrence of Lévy-type Processes

Definition (continued)
@ recurrent if it is irreducible and if

o(B) >0 = E* [/ 1B(Mt)dt] —oco forall xeRY
0
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Transience and Recurrence of Lévy-type Processes

Definition (continued)
@ recurrent if it is irreducible and if

o(B) >0 = E* [/ 1B(Mt)dt] —oco forall xeRY
0

Theorem (Tweedie 1994)

Every irreducible Markov process is either transient or recurrent.
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Transience and Recurrence of Lévy-type Processes

Definition (continued)

@ recurrent if it is irreducible and if

o(B) >0 = E* [/ 1B(Mt)dt] —oco forall xeRY
0

Theorem (Tweedie 1994)

Every irreducible Markov process is either transient or recurrent.

In the sequel, we consider only the so-called open-set irreducible

Markov processes, i.e., Markov processes which admit an irreducibility
measure with full support.
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Transience and Recurrence of Lévy-type Processes

Let {F:}+>0 be an open-set irreducible Lévy-type process. Then, the following
properties are equivalent:

(i) {Fi}i>o is transient;

(i) for some x € R? and some open neighborhood O, C RY of x,

EX [/OOO 1OX(Ft)dt} < 00;

(iii) for some (all) x € R? and some (all) open bounded set O C RY,

P* </OOO1O(F,)dt:oo> — i

(iv) for some (all) x € RY,

P~ ( lim |F| = oo> 1.
t— o0
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Transience and Recurrence of Lévy-type Processes

Theorem (continued)

Analogously, the following properties are equivalent:

(i) {Ft}>o is recurrent;

(ii) for some (all) x € RY,

EX UOOO 1OX(Ft)dt] =0

for all open neighborhoods O, C RY of x;

(i) for some (all) x € R? and some (all) open bounded set O C RY,

PX</OOO1O(Ft)dt:oo):1;

(iv) for some (all) x € RY,

i (Iiminf|Ft — x| = o) =1.
t—o0

Nikola Sandri¢ (TU Dresden/U Zagreb) Stochastic Analysis and Applications August 31 - September 4, 2015 13/30



Transience and Recurrence of Lévy-type Processes

Idea of the proof relies on the following computation. For x € RY and
f e L'(RY), f > 0, we have

([ o] - [ [+t

— lim / / e*q’-‘+"<5’X>?(g)EX[ (& Fi=x ]dgdt
g—0 Jo RrRd
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Transience and Recurrence of Lévy-type Processes

Idea of the proof relies on the following computation. For x € RY and
f e L'(RY), f > 0, we have

[/ #(F) dt} — lim EX [/ e‘q’f(Ft)dt]
q—0 0
— lim / / e*qf+’<5’X>?(g)EX[ (6. Fimx ]dgdt
g—0 Jo RrRd

We conclude:

@ we need exponential lower and upper bound, in terms of the
symbol, for EX [e'<€,Frfx>]

@ in the case of recurrence, the above computation has to be
“x-independent”

@ {Ft}+>0 has to be open-set irreducible.
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Transience and Recurrence of Lévy-type Processes

Theorem (Schilling/Wang 2013)

Let {Ft}+>0 be a Lévy-type process with symbol g(x, &) satisfying

sup Imq(x,¢)| < ¢ inf Req(x,£), ¢€RY,
xcRd xeRd

forsome 0 < ¢ < 1. Then,

sup
XERY

EX [e"@’Ff*’O” < exp LI Req(z,2¢)|, t>0, £eRY.
16 zcRd
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Transience and Recurrence of Lévy-type Processes

Let {Ft}+>0 be a Levy-type process with symbol g(x, ). Then, for any
£ eRY,

inf ReEX [e’@ﬁ-ﬂ > exp [—4t sup \q(z,£)|] . telo, ()],

x€eR? z€Rd

._ In2
where t(¢) = —4supxeﬂzd FIEXIIR
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Transience and Recurrence of Lévy-type Processes

(Theorem .

Let {Ft}+>0 be a Levy-type process with symbol g(x, ). Then, for any
¢ eRY,

inf ReEX [e"@fr*xq > exp [—4t sup \q(z,é)ll . te[o,t(e)],

XxXERd zeRd

._ In2
where t(&) := m'

| \,

Theorem (Schilling/Wang 2013)

Let {Ft}+>0 be an open-set irreducible Lévy-type process with symbol
q(x, &) satisfying the sector condition. Then, {F;}:>¢ is transient if

d¢
: < oo forsome a > 0. 1
/Ba(O) infycra Re q(X, §) 1)

v
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Transience and Recurrence of Lévy-type Processes

Let {Ft}+>0 be an open-set irreducible Lévy-type process with symbol
q(x, &), satisfying

in ( a: in? ( &«
00 . sin® ( St sin® | ¢
lim inf / e *Re E%[¢/“-F]at (22 ) (22 )dg > —00
a—0 Jrd t(€) 51 fd

for all 2 > 0 small enough. Then, {F;}:>o is recurrent if

/ L = oo for some a > 0. (2)
B.(0) SUPxery G(X, &)
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Transience and Recurrence of Lévy-type Processes

Let {Ft}+>0 be a Lévy-type process with generator (A, D 4) and symbol
q(x, &), satisfying:
(i) C(RY) is an operator core for (A, D4);
(i) q(x,¢&) = g(—x, =€) for all x, ¢ € RY;
(iii) the sector condition holds and exp [_txien]éd Re q(x,g)] dé < oo

]Rd
for all t > 0;

(iv) the corresponding transition density function (which exists due to
(iii)) satisfies

p(t,0,0) = sup p(t,0,y), t>0.
y€ERd

Then, E°[¢/¢.f)] > 0 forall t > 0 and all £ € RY.

v
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Transience and Recurrence of Lévy-type Processes

If d > 3 and
s (16 COOE) + fy < 1 €9 201x, 1))
lim inf 5 > 0,
|€]—0 €]

then g(x, &) satisfies (1).
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Transience and Recurrence of Lévy-type Processes

If d >3 and

infxeRd (<§, +f{|y| f y> (Xv dy))
liminf

|€|—0 |€]?

> 0,

then g(x, &) satisfies (1). If d = 1,2, g(x,&) = Re q(x, &) for all
x,¢ € RY and

sup [ |yfPu(x,dy) < oo

xeRd JRY

then q(x, &) satisfies (2).
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Transience and Recurrence of Lévy-type Processes

Let {Ft}+>0 be a Feller-Dynkin diffusion with symbol given by

1
CI(X, §) = §<§7 C(X)§>
Assume that there exists ¢ > 0 such that

(€, C(x)E) > cl¢)?, €eRY.

inf
xeRd
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Let {Ft}+>0 be a Feller-Dynkin diffusion with symbol given by

1
CI(X, §) = §<§7 C(X)§>
Assume that there exists ¢ > 0 such that

(€, C(x)E) > cl¢)?, €eRY.

inf
xeRd

@ If d > 3, then q(x, &) satisfies (1).
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Transience and Recurrence of Lévy-type Processes

Let {Ft}+>0 be a Feller-Dynkin diffusion with symbol given by

1
CI(X, é.) = §<§7 C(X)§>
Assume that there exists ¢ > 0 such that

(€, C(x)E) > cl¢)?, €eRY.

inf
xeRd

@ If d > 3, then q(x, &) satisfies (1).
@ If d =1,2, then q(x, &) satisfies (2).
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Transience and Recurrence of Lévy-type Processes

Let {F:}+>0 be a stable-like process with symbol given by

q(x, &) = v(x)|¢|*™,

where o : R — (0,2) and v : R — (0, ), a, v € C}(RY), are
such that

0 < inf a(x) < sup a(x) <2 and inf y(x) > 0.
xeRd xERY xeRY
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Transience and Recurrence of Lévy-type Processes

Let {F:}+>0 be a stable-like process with symbol given by

q(x, &) = v(x)|¢|*™,

where o : R — (0,2) and v : R — (0, ), a, v € C}(RY), are
such that

0 < inf a(x) < sup a(x) <2 and inf y(x) > 0.
xeRd xERY xeRY

@ If d > 2, then g(x, &) satisfies (1).
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Transience and Recurrence of Lévy-type Processes

Let {F:}+>0 be a stable-like process with symbol given by

q(x, &) = v(x)|¢|*™,

where o : R — (0,2) and v : R — (0, ), a, v € C}(RY), are
such that

0 < inf a(x) < sup a(x) <2 and inf y(x) > 0.
xeRd xERY xeRY

@ If d > 2, then g(x, &) satisfies (1).

@ If d=1and limsup,_, a(x) <1, then q(x, &) satisfies (1).
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Transience and Recurrence of Lévy-type Processes

Let {F:}+>0 be a stable-like process with symbol given by

q(x, &) = v(x)|¢|*™,

where o : R — (0,2) and v : R — (0, ), a, v € C}(RY), are
such that

0 < inf a(x) < sup a(x) <2 and inf y(x) > 0.
xeRd xERY xeRY

@ If d > 2, then g(x, &) satisfies (1).

@ If d=1and limsup,_, a(x) <1, then q(x, &) satisfies (1).

@ If d =1 and liminfj, ., a(x) > 1, then g(x, {) satisfies (2).
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Transience and Recurrence of Lévy-type Processes

In the sequel, we assume d = 1,2 and £ — q(x, &) is radial for all
x € RY. Equivalently,
(i) b(x) =0 forall x € RY;
(i) C(x) = c(x)I for some Borel function ¢ : RY — [0, c0);
(i) v(x, dy) = v(x, Rdy) for all x € R? and all rotations R of RY.
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Transience and Recurrence of Lévy-type Processes

In the sequel, we assume d = 1,2 and £ — q(x, &) is radial for all
x € RY. Equivalently,
(i) b(x) =0 forall x € RY;
(i) C(x) = c(x)I for some Borel function ¢ : RY — [0, c0);
(i) v(x, dy) = v(x, Rdy) for all x € R? and all rotations R of RY.

Theorem

Let {F'}>0 and {F?};>0 be Lévy-type processes with symbols g (x, £)
and go(x, &) and Lévy measures v4(x, dy) and vo(x, dy).

v
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Transience and Recurrence of Lévy-type Processes
In the sequel, we assume d = 1,2 and £ — q(x, &) is radial for all
x € RY. Equivalently,
(i) b(x) =0 forall x € RY;
(i) C(x) = c(x)I for some Borel function ¢ : RY — [0, c0);
(i) v(x, dy) = v(x, Rdy) for all x € R? and all rotations R of RY.

Let {F'}>0 and {F?};>0 be Lévy-type processes with symbols g (x, £)
and g»(x, &) and Lévy measures v4(x, dy) and vo(x, dy). If there exists
a rotation R of R such that

sup [ yPui(x,dy) — va(Rx, dy)| < o,

XERI JO

then gy (x, &) satisfies (1) (resp. (2)) if, and only if, go(x, &) satisfies (1)
(resp. (2)).

v
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Transience and Recurrence of Lévy-type Processes

Let {Ft}+>0 be a Lévy-type process with symbol g(x, &) and Lévy
measure v(x, dy).
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Transience and Recurrence of Lévy-type Processes

Let {Ft}+>0 be a Lévy-type process with symbol g(x, &) and Lévy
measure v(x, dy). Then, for arbitrary p > 0,

. 1
/ (r""1 sup | yv(x, Bf(O))dy) ar = oo (3)
p

XER4 JO

implies (2),
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Transience and Recurrence of Lévy-type Processes

Let {Ft}+>0 be a Lévy-type process with symbol g(x, &) and Lévy
measure v(x, dy). Then, for arbitrary p > 0,

/OO (r""1 sup ryy(x, Bf(O))dy) ar = oo (3)
p

XER4 JO

implies (2), and (1) implies
w

/ <d 1X|€n1£ / yv(x, B§(0)) dy> dr < oo (4)

for all p > 0 large enough.
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Transience and Recurrence of Lévy-type Processes

Let {Ft}+>0 be a Lévy-type process with symbol g(x, &) and Lévy
measure v(x, dy). Then, for arbitrary p > 0,

/OO (r""1 sup ryy(x, Bf(O))dy) ar = oo (3)
p

XER4 JO

implies (2), and (1) implies

/ <d 1X|€n]£/yy(x °(0)) dy> 1dr<oo (4

for all p > 0 large enough. In addition, if there exists yp > 0 such that
y — v(x, B;(0)) is convex on (yo, o0), then (1) holds true if, and only
if, (4) holds true, and (2) holds true if, and only if, (3) holds true.

~
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Transience and Recurrence of Lévy-type Processes

Under the assumptions of the previous theorem, g(x, &) satisfies (1) if
for some p > yp,

o dr
/p r2d+linf.cg n(x, r) = %0
where n: R x R — [0, o0) is a Borel function such that
v(x,dy) = n(x,|y|)dy on B(B[ (0)) and y — n(x, y) is nonincreasing
on (o, o0) for all x € RY.
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Transience and Recurrence of Lévy-type Processes

Under the assumptions of the previous theorem, g(x, &) satisfies (1) if
for some p > yy,

o dr
/p r2d+linf.cg n(x, r) = %0
where n: R x R — [0, o0) is a Borel function such that
v(x,dy) = n(x,|y|)dy on B(B[ (0)) and y — n(x, y) is nonincreasing
on (o, o0) for all x € RY.

Theorem

| A\

Let {F'}>0 and {F?};>0 be Lévy-type processes with symbols g (x, £)
and go(x, &) and Lévy measures v4(x, dy) and vo(x, dy).

v
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Transience and Recurrence of Lévy-type Processes

Under the assumptions of the previous theorem, g(x, &) satisfies (1) if
for some p > yp,

o dr
/p r2d+linf.cg n(x, r) = %0
where n: R x R — [0, o0) is a Borel function such that
v(x,dy) = n(x,|y|)dy on B(B[ (0)) and y — n(x, y) is nonincreasing
on (o, o0) for all x € RY.

| A\

Theorem

Let {F'}>0 and {F?};>0 be Lévy-type processes with symbols g (x, £)
and g»(x, &) and Lévy measures v4(x, dy) and vo(x, dy). Assume that
there exists yp > 0 such that

@ y — v1(x, BS(0)) is convex on (yp, o0) for all x € RY;
y

@ v1(x,B5(0)) > va(x, BS(0)) forall y > yo and all x € R,

v
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Transience and Recurrence of Lévy-type Processes

Theorem (continued)

Then, for all a > 0 small enough,

/ e
B,(0) INfyera G2(X, §)

implies

Joo g
— < 00,
Ba(0) INfxera G1(X, )

_4
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Transience and Recurrence of Lévy-type Processes

Theorem (continued)

Then, for all a > 0 small enough,

Ba(0) INfyera G2(X, §)
implies

Lo
— < 00,

Ba(0) INfxera G1(X, )

and, for all a > 0,

oo s 0 =
B.(0) SUPxerd G1(X; €)

implies

oo o e =
Ba(0) SUPxerd 92(X; )

_4
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Ergodicity of Lévy-type Processes

Let (Q, F, {P*} ycras { Ft}t=0, {0t} >0, {Mt}1>0) be a Markov process on
(RY, B(RY)).
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Ergodicity of Lévy-type Processes

Let (Q, F, {P*} ycras { Ft}t=0, {0t} >0, {Mt}1>0) be a Markov process on
(RY, B(RY)). A o-finite Borel measure 7(dx) is called invariant for
{Mi} >0 if

/ PX(M, € B)r(dx) = 7(B), t>0, Be B(RY).
Rd
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Ergodicity of Lévy-type Processes

Let (Q, F, {P*} cra, {Ft}1>0, {0t }1>0. {Mt}+>0) be a Markov process on
(RY, B(RY)). A o-finite Borel measure 7(dx) is called invariant for
{M:} >0 if

/ PX(M, € B)r(dx) = 7(B), t>0, Be B(RY).
Rd

A set B € F is said to be shift-invariant if 6, ' B = B for all t > 0. The
shift-invariant o-algebra 7 is a collection of all such shift-invariant sets.
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Ergodicity of Lévy-type Processes

Let (Q, F, {P*} cra, {Ft}1>0, {0t }1>0. {Mt}+>0) be a Markov process on
(RY, B(RY)). A o-finite Borel measure 7(dx) is called invariant for

{Mt} >0 if

/ PX(M, € B)r(dx) = 7(B), t>0, Be B(RY).
Rd

A set B € F is said to be shift-invariant if ¢, ' B = B for all t > 0. The
shift-invariant o-algebra 7 is a collection of all such shift-invariant sets.

Definition

A Markov proocess { M}~ is said to be ergodic if it possesses an
invariant probability measure =(dx) and if Z is trivial with respect to
P™(dw).
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Ergodicity of Lévy-type Processes

A Markov process {M;}~¢ is said to be strongly ergodic if it possesses
an invariant probability measure 7(dx) and if

lim |[PX(M; € ) —=()|l7v =0, xeRC.
t— o0
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Ergodicity of Lévy-type Processes

A Markov process {M;}~¢ is said to be strongly ergodic if it possesses
an invariant probability measure 7(dx) and if

lim |[|PX(M; € ) —=(-)[7v =0, xeRY.
l—oo

| A\

Theorem (Azéma/Kaplan-Duflo/Revuz 1967)

Every recurrent Markov process possesses a unique (up to constant
multiplies) invariant measure.

N
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Ergodicity of Lévy-type Processes

A Markov process {M;}~¢ is said to be strongly ergodic if it possesses
an invariant probability measure 7(dx) and if

lim |[|PX(M; € ) —=(-)[7v =0, xeRY.
l—oo

v

Theorem (Azéma/Kaplan-Duflo/Revuz 1967)

Every recurrent Markov process possesses a unique (up to constant
multiplies) invariant measure.

\

A recurrent Markov process which possesses a finite invariant
measure is called positive recurrent, otherwise it is called null
recurrent.
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Ergodicity of Lévy-type Processes

Theorem

Let {F;}+>0 be an open-set irreducible Lévy-type process. Then the
following properties are equivalent:

@ {Ft}t>0 is positive recurrent;
@ {Ft}i>0 is ergodic;
@ {Ft}t>0 is strongly ergodic.
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Ergodicity of Lévy-type Processes

Theorem

Let {F;}+>0 be an open-set irreducible Lévy-type process. Then the
following properties are equivalent:

@ {Ft}t>0 is positive recurrent;
@ {Ft}i>0 is ergodic;
@ {Ft}t>0 is strongly ergodic.

Theorem (Behme/Schnurr 2014)

Let {F;}+>0 be a Lévy-type processes with generator (A, D 4) and
symbol g(x, £). Assume that C3°(RY) is an operator core for (A, D).
Then, a probability measure 7(dx) on B(RY) is invariant for {F;};>o if,
and only if,

/ X g(x, )n(dx) =0, €eR
]Rd

v
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Thank you for your attention!
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