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Perelman’s W-entropy
Let M be a compact manifold, (g(t), f(t), 7(t),t € [0, T]) be such that

09 — —2Ric.
of = —Af+[VIE-R+

2r
(917' = —1.

In 2002, Perelman introduced the W-entropy for the Ricci flow as
—f

B 2 S
w(g, f,7) = /M TR+ VIR +f =l gy
and proved that
d B o 2 gp e’

In particular, W(g, f, 7) is nondecreasing in time and the monotonicity
is strict unless that (M, g) is a shrinking Ricci soliton

Ric + v2f = 9.
2T



Ni's W-entropy formula for Laplace Beltrami
Recall Ni's W-entropy formula for the heat equation d;u = Au.

Theorem (Ni 2005)

Let (M, g) be a compact Riemannian manifold with a fixed metric. Let

eff
Y= ntyre

be a positive solution of
a[U = Au.
Let
2 e’
W(u,t) = /M (V1P +1 =) o
Then

9 Wiu,t) = —2/ t(|v2r- g]2+/:ric(w vh) —
a7l Ty 2t ’ (4rt)n/2™"

In particular, if Ric > 0, then W(u, t) is decreasing in time t.
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Q W-entropy for heat equation of Witten Laplacian
@ Case of CD(0, m)



W-entropy for Witten Laplacian

Let M be a complete Riemannian manifold, ¢ € C?(M), du = e~%av.
The Witten Laplacian is defined by

L=A-Vé V.

For all u, v € C3°(M), we have

/(Vu vv)d /Luvdy /uLvdM.
M M

The Bakry-Emery Ricci curvature associated with L is defined by
Ric(L) = Ric + V3¢,

and the m-dimensional Bakry-Emery Ricci curvature associated with
L is defined by

Voo Ve

Ricm »(L) = Ric + V?¢ — —



Entropy for Witten Laplacian
Let u be a positive solution to the heat equation
oiu = Lu.
Let

Ent(u) = —/ ulog udp.
M

Then, when M is compact or complete and with bounded geometry
condition, it is well known that

d _ |Vul?
g = [ St
2
%Ent(u(t)) = —2/[|V2Iogu\2+Ric(L)(VIogu,VIogu)]udu.
M

Thus, if Ric(L) > K, then

2

%Ent(u(t)) < —2K%Em(“(t))-



W-entropy formula for the Witten Laplacian

Let u be a positive solution of the heat equation 0;u = Lu. Let

Hn(u, t) = —/ ulog udu — g (log(4nt) +1).
M

The Gaussian heat kernel on R is given by

and its Boltzmann entropy is given by

H(um, t) = —/b‘w

log Um(X)Um(x)dx =

(log(4nt) +1).

|3

Hence
Hm(u, t) = H(u, t) — H(um, t)

is the difference of the Boltzmann entropy for o;u = Lu on (M, 1) and
the Boltzmann entropy for 0;u = Au on (R, dx). [Li2012]



Li-Yau Harnack inequality

Recall the Li-Yau Harnack inequality for Witten Laplacian.
Theorem (Li JMPA2005, Math Ann2012)

Let M be a complete Riemannian manifold with Ricy, n(L) > 0. Let u
be a positive solution to the heat equation

oiu = Lu.
Then the Li-Yau Harnack inequality holds

|Vul> Lu

u? u

m
<
— 21‘7
ie.,
m
Ll — >0.
ogu+2t >0

Thus, under the condition Ricy, n(L) > 0,

d " [(IVu?  n / m
el _ . = — <0.
dth(u, t) /M ( 2 2t) udu 1, <Llogu+ 2t> udu <0




W-entropy for the Witten Laplacian

Theorem (Li Math Ann2012, S. Li-Li PUM2015)

Let M be a compact or complete Rlemann/an manifold with bounded
geometry condition. Let u = W be a positive solution of
owu = Lu. Define

W(w,1) = & (tHn(u, 1))
Then
eff
W(u,t) = /M(t|Vf|2+f—m) Wdu,
and
dw

— 72/ <t‘v2f 7‘ +R/cmn(L)(Vf,Vf)> udp
JM

2 m—n\?
= i v/ . )
n/Mt<v¢ Vit — ) udu



Warped product approach to W-entropy formula

Let M = M x N. Define
g=0u®e gy
Applying Ni's W-entropy formula to the heat equation on (l\~4, g)
ou = Agu,

S. Li and Li (PJM2015) gave a new proof of the W-entropy formula for
the Witten Laplacian, and proved the following

Proposition (S. Li-Li, PdM2015)

= 2 2
o2r_ 9| w2 9F L2 (vs. =
‘Vf 2 = v 27’ +m_n<v¢> i+ T ) .

This gives a natural geometric interpretation for (RHS) in the
W-entropy formula of the Witten Laplacian using the warped product
metric.



A rigidity theorem for Perelman’s W-entropy

Note that, under the assumption Ricy, (L) > 0, we have

aw VEf =25, Vij=1,....n,
? - 0 <~ RiCm’n(L)(Vf, Vf) - 0,
Vo -Vi+ TG0 =0,
Ricm n(L)(log u,log u) = 0,
Llogu + 5 = 0.

This is the case when

_x?

e a
(4rt)n/2”

M=R" m=n, ¢(x)=C, u(x,t)=

Question

Can we prove a rigidity theorem for the W -entropy under the condition
Ricm n(L) > 0 on n-dimensional complete Riemannian manifolds?



A rigidity theorem for Perelman’s W-entropy

The following result gives an affirmative answer to the above
question.

Theorem (Li Math Ann2012)
Under the same condition as above theorem, Ricy, ,(L) > 0. Then

df = f{p > 0 such that dd—)/tv =0,

ifand only if for allt > 0, and x € M,



Open problem

The above results hold in the case of CD(0, m). After | proved
the above results in 2009, many people in probability

community and in geometry community asked me the following

Problem
What happens in the case of CD(K, m) or CD(K, o) ?

Problem

What happens in the cae of time dependent metrics and
potentials ?
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Q W-entropy for heat equation of Witten Laplacian

@ Case of CD(K, m)



LYH Harnack inequality for Witten Laplacian

Theorem (S. Li-L. 2014)

Let M be a complete Riemannian manifold, ¢ € C?(M).Suppose that
there exists a constant K > 0 such that

Ricm n(L) > —K.

Let u be a positive solution of 0;u = Lu. Then the Li-Yau-Hamilton
Harnack inequality holds

o e—th\VU\z 4 g2kt M >0.
u u? 2t

In particular, if K = 0, i.e., Ricym n(L) > 0, then the Li-Yau Harnack
inequality holds

ou |Vul2 m
az 2 >o.
u u? + 2t —




W-entropy and Harnack inequality

Let
Hm k(u,t) = Ent(u(t)) — Ent(Um k(t))

where up, k(t) is the density of the Gaussian distribution N(0, o%(t))
onR™, i.e.,

- 1 [1x]I?
Um.k(t, X) = W exp (— 40%(1‘)) .

Note that

Ent(un (1) = 3 (log(4rok (1)) +1).

By direct calculation, we have

d
& (1) = /M

Vo d
{ Iy m log ok ()| udp.



W-entropy and Harnack inequality

Suppose that we can prove the following Harnack inequality

2
'Vu‘z” — axlt )‘l < mBx(t).

Taking ox(t) € C([0, o), R) be such that

S logon(t) = ()

Then

d - |Vul?
dthK(u,t)_/M{ o




W-entropy and Harnack inequality

In the case CD(—K, m) holds, the Hamilton’s Harnack inequality

Vul? o
VAL a0 < matr)
holds with
okt N e4K[
Oé(t)—e ’ 6()_ 2t

Thus, under CD(—K, m), we have

d Vul2 m oru
at mk (U, 1) = /M [u2| - 564Kt - eZKt% udp.
Proposition (S. Li-Li arxiv204)
Under the CD(—K, m) condition, i.e., Ricm n(L) > —K, we have
d

—H <0.
dt K,m(U7 t) < 0



W-entropy formula for Hamilton’s Harnack quantity

Theorem (S. Li-Li arxiv2014)
Define

d
Wnk(u,t) = &(th’K(u’ 1)).

Under the bounded geometry condition, we have

2
udu

d B 5 K 1
dth’K(u’t) = —21‘/MVIogu+(2+2t>g

—2t/ (Ricm.n(L) + Kg)(Vlog u, V log u)udpu
M

ot (m— n)(1 + Kt)

2
udp

f;”t [e*!(1 + 4Kt) — (1 + K1)?] .



Monotonicity and rigidity theorem

Theorem (S. Li-Li arxiv2014)
Assume that Ricym n(L) > —K, then for all t > 0,

ad m
o Wnn(u, ) < =5 [e*(1 + 4Kt) — (1 + Kt)?] .

Moreover, the equality holds at some t = ty > 0 if and only if
Ricmn(L) = —Kao,

<1t +K> 9.

(m—n)(1+ Kt)
- 2t '

AV

V¢ Vf =



W-entropy formula for Hamilton’s Harnack quantity

The above result is new even in the non weighted case.

Theorem (S. Li-Li arxiv2014)
Under the bounded geometry condition, we have

d _ . K 1
EWnK(U t) = —2TAAV|OQU+<2+Z>Q

—2t/ (Ric + Kg)(Vlog u, Vlog u)udp
M

2
udp

— o (61 + 4Kt) — (1 + Kt

In particular, if Ric > —K, then for all t > 0,

a n
SWok(ut) < - [e*(1 + 4Kt) — (1 + Kt)?] .

Moreover, the equality holds at some time t = ty > 0 if and only if

Ric = —Kg, o2V2f = <1+K> g.



W-entropy formula under CD(—K, m)

By chaining the comparable model, we can obtain the following

Theorem (S. Li-Li PdM2015)
Under bounded geometry condition, define

Wn.k(u,t) :/ [t|Vf2 +f—m <1 + f)} udp.
M
Then
a (ut)——2t/V2f— LIS 2d
gt Yk (U, = y 27‘"5 g| uap

s / (Ricmn(L) + Kg) (VF, V)udu
M

- 2t /

m—=njy

This extends a previous result due to J. Li and Xu (AIM2010) for the
caseL=Aand m=n.

2
ud.

Vo -Vf—(m—n) <21t+,2<)



Monotonicity and rigidity theorem

Theorem (S. Li-Li PJM 2015)
Suppose that Ricm n(L) > —K. Then
%Wm,K(u, t) <o.
Moreover, the equality holds at some time t = ty > 0 if and only if
Ricmn(L) = —Kg,
oV3f = <1t + K) g

1 K
V¢-Vf = (m—n) (21‘+2>'

Thus, (M, g, ¢) is a quasi-Einstein manifold, and the potential f
satisfies the soliton equation
g

Ricm.n(L) +2V°f = 7.



Outline

Q W-entropy for heat equation of Witten Laplacian

@ Case of CD(K, o)



The optimal Hamilton Harnack inequality

Theorem (Li 2013 arxiv SPA2015)

Let M be a complete Riemannian manifold. Suppose that there exists
a constant K > 0 such that

Ric(L) > —K.
Let u be a positive and bounded solution to the heat equation
owu = Lu,

Then, the optimal Hamilton Harnack inequality holds
|Vlog uf?> < 2K —rt 7 109(A/v).

where A = sup{u(t,x) : x € M,t > 0}.



The Hamilton Harnack inequality

Corollary (Li 2013arxiv SPA2015)

Let M be a complete Riemannian manifold. Suppose that there exists
a constant K > 0 such that

Ric(L) > —K.
Let u be a positive and bounded solution to the heat equation
owu = Lu,

The Hamilton Harnack inequality holds

|V log ul? < (1 o 2K> log(A/u).



The W-entropy formula for CD(K, o) case

Theorem (S. Li-L. arxiv2014)

Let u(-,t) = P:f be a positive solution to the heat equation o:u = Lu
with u(-,0) = f > 0. Suppose Ric + V3¢ > K, where K € R. Let

H(£.1) = Di(t) [ (Pi(flogf) = Piflog Pif)d.

where Dk(t) = —X45. Then, forallt > 0, §Hy(f,t) <0, and

2
d—HK(t) +2Kcoth(Kt)ﬁHK(t) < —2DK(t)/ |V2log P;f|? P fd .
ar2 dt o

Moreover, the equality holds if and only if (M, g, ¢) is a Ricci soliton

Ric + V?¢ = Kg.



The W-entropy formula for CD(K, o) case

Theorem (S. Li-L. arxiv2014)
Define the W -entropy by the revised Boltzmann entropy formula

sinh(2Kt) d

Wi (f, t) = Hk(f,t) + 5K di

—Hk(f, 1).

Then, for all K € R, and for all t > 0, we have

d ekt +
— Wk (f
p k(f, 1)+

/ |V2 log P f|>Pifdu

§“+1
— /(Ric(L) — K)(Vlog P,f, V log P,f)Pyfdy.
M

In particular, if Ric(L) > K, then

d e?Kt 4 1
— Wi (f
p k(f, 1) +

/ |V2log Pf|?Pifdp < 0, VYt > 0.
M

Moreover, the equality holds if and only if Ric + V2¢ = Kg.
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Q W-entropy for heat equation of Witten Laplacian

@ Time dependent case



Logarithmic Sobolev inequalities

Let M be a complete Riemannian manifold equipped with a
family of time dependent metrics g(t) and potentials ¢(t).

Let
L= Agty = Vgiyd(t) - Vg

be the time dependent Witten Laplacian on (M, g(t), ¢(t)).

Let u(-, t) = P:f be a positive solution to the heat equation

otu = Lu,

with the initial condition u(-,0) = f, where f > 0 is a measurable
function on M.



Logarithmic Sobolev inequalities

Theorem (S. Li-L. 2014)

Let M be a complete Riemannian manifold equipped with a K-super
Perelman Ricci flow

109

= 1 > K.
55 + AiclL) > —K

where K > 0 is a constant independent of t € [0, T], f > 0. Then, the
following logarithmic Sobolev inequality holds

Pi(flog f) — Piflog P;f <

K1 (VI
2K Pt( f )a VtE[OaTL

and the reversal logarithmic Sobolev inequality holds

VP f? 2K
| P:f‘ < 1 gzm (Pi(flogf) — Piflog Pif), vt €[0,T].




The optimal Hamilton Harnack inequality

Theorem (S. Li-L. 2014)

Let M be a complete Riemannian manifold. Suppose that there exists
a constant K > 0 such that

Let u be a positive and bounded solution to the heat equation
owu = Lu,
Then, the optimal Hamilton Harnack inequality holds
2K
2
|[Viogu| < K1 log(A/u).

where A = sup{u(t, x) : x € M, t > 0}.



The optimal Hamilton Harnack inequality

Corollary (S. Li-L. 2014)

Let M be a complete Riemannian manifold. Suppose that there exists
a constant K > 0 such that

—— + Ric(L) > —K.
Let u be a positive and bounded solution to the heat equation

ou = LU7

The Hamilton Harnack inequality holds

|V log u)? < <1t + ZK) log(A/u).



Harnack inequality for time dependent Witten Laplacian

Theorem (S. Li-L. 2014)

Let M be a compact Riemannian manifold, ¢ € C?(M).Suppose that
there exists a constant K > 0 such that

Let u be a positive solution of 0;u = Lu. Then

ou Vul? m
Ly 2\ Lkt g
u u 2t

In particular, if K =0, i.e., %% + Ricm n(L) > 0, then the Li-Yau
Harnack inequality holds

Gu _|VuE  m

> 0.
u u? 2t_0




W-entropy for time dependent Witten Laplacian

Theorem (S. Li-Li PdM2015)
Let M be a compact manifold, {g(t), #(t),t € [0, T]} satisfies

0 1.0
8—? = éTra—‘Ct].
Let o)
ux, ) = (4mt)ym/2
be the solution of the heat equation d:u = Lu. Then
dwétf” H _ —2/Mt Uvzf _ 2%)2 + <;‘fft’ + R/cm,n(L)> (Vf,Vf)} udy

2 ’ ‘ m—n\?
m_n‘/Mt<VO'Vf+ 2t> Ud/l,.



W-entropy formula on Perelman’s super m-Ricci flow

Corollary (S. Li-Li PJM2015)

Let M be a compact manifold. Suppose that g(t) is a Perelman’s
super m-Ricci flow

Let u be a positive solution of the heat equation 0:u = Lu. Then

dW(u,t)
dt

<0.



W-entropy formula for geodesic flow on Wasserstein
space

Let M be a compact or complete Riemannian manifold, ¢ € C?(M).
Consider the geodesic flow on the Wasserstein space over (M, 1)
equipped with Otto’s infinite dimensional Riemannian metric

B
S8 L Vi (o) =0,

ot
of

1 2 _
S+ 5IViIP=o.

Let _
Hn(p, t) == — / plog pdu — g (log(47rt2) +1),
Jm

and define the W-entropy for the Witten Laplacian by

W(p,t) = %(th(p. 1)).



W-entropy formula along the optimal transportation

Theorem (S. Li-X.D. Li 2012, 2015)

Let M be a compact (or complete) Riemannian manifold, (p(t), f(t))

be the smooth solution to the above equations (with suitable growth
condition). Then

dW(p,t) —/l‘
dt N Iy

1 ' m—n\?
—— f-Vo+ ——
mn'/Mt<V Vo + ; ) pdpu

The rigidity model is N(0, t?) on M = R", i.e., m = n, and

2
| w2 - %‘ +Ricm7n(L)(Vf,Vf)} pd

1 2o |x

I B _xB
)= Grpyrr® > 10 =5a-



Lott-Villani’s theorem

As a corollary of our W-entropy formula on the Wasserstein space,
we can recapture the following result due to Lott-Villani.

Theorem (Lott-Villani Ann. Math. 2009, Lott 2009)
Let M be a compact Riemannian manifold. Suppose Ric > 0. Then

tEnt(p(t)) + ntlog t

is convex along the geodesic (p(t), f(t)) on (P2(M), dv).



Langevin deformation on Wasserstein space

Problem

How to explain this similarity between the W -entropy formula for the
Witten Laplacian and for the optimal transport problem ?

@ The vanishing viscosity limit using the Cole-Hopf transformation
does not provide a good answer to this problem.

@ Inspired by J.-M. Bismut’s work, S. Li and Li (2013) introduced a
deformation of geometric flows on the Wasserstein space, which
interpolates the heat equation on the underlying manifold M, and
the geodesic flow on the Wasserstein space over M.

@ A discussion with C. Villani on 31 May 2013.



Interpolation between geodesics and gradient flow

Our work is based on the following well-known observation, inspired
by J-M. Bismut’s work on the deformation of the Witten Laplacian and
geodesic flow on the cotangent bundle,

Proposition (S. Li-Li 2013)

Let M be a complete Riemannian manifold, V € C?(M). Let (p¢, v;) be
defined as follows

)

. v VV
LA (0)
c c

__V
r=c

Then p; satisfies the Langevin equation

i = —p+ Y V(p).



Interpolation between geodesics and gradient flow

Now in the Wasserstein space P.(M, 1) over M, define
N
H(p. p) = 5 lII* +/ plog pdp.
M

Inspired by J.-M. Bismut, S. Li and Li (2013) introduced the following
geometric flows on Pa(M, 11):

v=—cV, (pVe),
This yields
op+V, - (pVe) = 0,
1
(0 + é\w\?) = —p+logp+1.
When ¢ =0, ¢ =logp+ 1, p satisfies the backward heat equation
op = —Lp,
and when ¢ = oo, (p, @) is a geodesic flow on Po(M, 1)
dp+V, - (pVe) = 0,

]
oo+ 5IVoP = 0.



Link with compressible Euler equation with damping

Let u = V¢, then u satisfies the compressible Euler equation with
damping

1 1
81u+u-Vu:—?u+ ?ngp.

Theorem (S. Li-Li 2015)

Let M be a compact Riemannian manifold, po > 0, ¢g € C>=(M).
Then the Cauchy problem to the Langevin deformation flow equation
has a unique local smooth solution (p(t), ¢(t)) on [0, T] x M with
initial data (po7 (,250)

Theorem (S. Li-Li 2015)

Let M be a compact Riemannian manifold. Then for small initial data
(po, ¢0) (in suitable Sobolev norm), there is a unique global smooth
solution to the Cauchy problem of the Langevin deformation flow
equation.



Interpolation between geodesics and gradient flow

Theorem (S. Li-Li 2013)
Forc € [0,x), we have

d? ) .
GEH(0.0) =2 [ [078170 = p"6/% + Hessol? + (Rie-+ VEA)(V, V)l pchu.

Whenc=0,¢=Ilogp+1, dip=—Lp, and
2
CoEn(p(1) =2 / [[Hess[2 + (Ric + V2F)(V, Vo)]pd.
M
When ¢ = o, (p, ¢) is a geodesic flow on P»(M, 1), and
a? 2 . 2
SEEo(0) = [ [Messo? + (Rie + V21)(V, V)l odl



W-entropy formula for deformation of flows

Problem (S. Li-Li 2013)

Can we prove an analogue of the W -entropy formula for the
deformation flow, and prove a rigidity theorem under suitable
curvature-dimension condition?

Theorem (S. Li-Li 2015)
For any ¢ > 0, we have

2
(d N 1 d>Ent(p(,)) — /M[|Hess¢|2+RiC(L)(V¢,V¢)]PdN

a2 " c2dt
1 [ |Vl
& Mo P .
Oj+3ﬂ H(p(t), ¢(1)) = /[IHess¢|2+RiC(L)(V¢ Vo)lpd
dt2 Cz dt p I - M bl p /J’
2
2 [ |Vpl dp.

Ju »p



W-entropy formula for deformation of flows

Theorem (S. Li-Li 2015)
Define

Whelt) = (D). o(0) + S0 o), o),

W) = En(p(0) + (1 ) SEni(p(D)

Note that, as ¢ — oo, (1 — €#) — t. Then

d 2t Vp|? .
et = (1=0%) [ FPayp [ [Hessop + Aic(L)(V6. Yo)lod,

_ £ |VP|2 2 ;
GVt = (1-es )/MT du+/M[IHess¢| + Ric(L)(V¢, V)lpdp.

In particular, if Ric(L) > 0, then for all ¢ > 0, we have

d d
= < — < > 0.
at WH7c(t) = 07 dt WC(t) = 07 vt £ 0



The model: deformation of flows on P>(R™, dx)

Let V(u) = —Jlogu, u > 0. Then V'(u) = — 5. Consider the
Newton-Langevin equation on T*R* = Rt x R

c(u+u)= 5y
Note that V(u) = —} log u is locally Lipschitz on (0, +oc). By Picard
theorem, for any given T > 0, and for given u(T) > 0 and U(T) € R,
there exists a unique solution u(t) on an interval [T — §, T] for some
6> 0.

Let 8: [T — 4, T] — R be a smooth solution to the followings ODE

2B+pB = —mlogu— %Iog(4w)+ 1.



The model on P>(R™, dx)

Theorem (S. Li-Li 2014)

Leta(t) = L and define

omxt) = Dy 1 (o),

1 _ Ixi?

N T )

Then (pm, om) is a solution of the equations of the deformation flow on
Op+ div(pVe) = 0,
1
fod <at¢> + 2|v¢>|2) = —¢+logp+1.
By calculation, we have

Ent(pm(t)) = 7%7[1 + log(4ru?(t))].



W-entropy formula for deformation of flows

Let m > n, (p(t), ¢(t)) be the deformation of flows on T*P.(M, 1)

dhp+ V- (pVe) = 0,
1
(o + 5IVoP) = —¢+logp+1.
Define

Hun(p(1)) = Ent(p(t)) — Ent(pm(t))-

Theorem (S. Li-Li 2015)

2
Sabnlo() + (2000 + 2 ) GHnlol)
-/ [|Hess¢—a(t)g\2+Ricm,n(wa,vw} ool

+(m=n) |

V-V
m-—n

1

a(t) +




W-entropy formula for deformation of flows

Incase m=n, f =0, let (p(t), ¢(t)) be solution to

Op+V-(pVe) = 0,

’
c2(8,¢+§\v¢\2) = —¢+logp+1.

Define

Ha(p(1)) = Ent(p(t)) — Ent(pa(1)).
Theorem (S. Li-Li 2015)

%Hn(p(t)) - <2a(t) + ;2) %Hn(P(t))

= /M {|Hess<b — a(t)g|? + Ric(V¢, Vﬁb)} pav + é /M

2
Vol v
p




W-entropy formula for deformation of flows

Note that, on M = R", the model (pn, $n) on (P2(R"), dx)
a(t)

t
on(x,1) = = xIP + A1),
1 _ szuz
pn(X, t) = Ws 4u (I),
satisfies
Hesson = a(t)g.
Moreover

o? d 1[IVl

WHn(Pn(t)) + <2a(t) + c12> EHn(Pn(t)) )y pn dv.

Thus, (pn, ®n) gives the rigidity model for the entropy inequality.



W-entropy formula for deformation of flows

Let us introduce the W-entropy be such that

° 2
%(p(t)) gﬂH( (1) + <2a(t)+(32> gtH(p(t))_;Z/M |v5| W

By calculation, we have

d

G W(on(D)) = —na®(0).

In view of this, the above theorem is equivalent to the following
comparison theorem

SV = Wi (0) = [ [IHesso — alt)gl® + Rie(V6. V0)] pv.

Thus, if Ric > 0, then

SW(p() = SWlon(t)), V>0,

Moreover, if one can extend this to complete Riemannian manifolds,
then the equality holds at some t = ty > 0 if and only if

M=R", p=pn ¢=bn



Thank you !
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