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Non-Dominated Nonlocal Equations
Comparison Principle for Viscosity Solutions

Motivation

Nonlinear equations with a non-dominated nonlocal part (in
the sense that the resulting operators do not satisty dominated
convergence) play an important role in the recent studies of
processes with jumps under uncertainty as in [1]. We gen-
eralize the existing theory from [2] In order to obtain a compar-
iIson principle for such equations (and hence unigueness of the
boundary value problem) with (possibly) unbounded solutions.

Notion & Assumptions

Definition (Viscosity Solutions). An upper (lower) semicontin-

uous function u € SCp(Rd) 'S a viscosity subsolution (viscosity
supersolution) in €2 of the nonlocal equation

F(z,u(x), Du(z), D*u(z),u(:)) = 0 (1)

if for every ¢ € C%(Rd) such that u — ¢ has a global maximum
(global minimum) in € (), the inequality

F(z,u(z), Dp(x), D*p(x), ¢(-)) < 0 (> 0)

holds. A viscosity solution of (1) is both a viscosity subsolution
and a viscosity supersolution.

Remark (Assumptions on F).

e Consistency

Fl{(a;a r,q, X7 ¢7 ¢) — F(ZI;? T4, X’ ¢) for ¢ = OZ%(Q)
e Maximum Principle

Ff(x,r,q, X,u,p) > F(x,r,q,Y,v, )

for X <Y andx € argmax(u — v) N arg max(¢ — 1))
e Translation Invariance

Fl{(a?? 7/)7 Q7 X?“ Cl7¢

e Continuity
F™(xn, rn, Gn, Xn, Un, On) — F5(x,r,q, X, u, @)
for (zn, Tn, qn, Xn) — (z,7,q, X), up — w locally uniform

with u € Cp(Rd) and sup,,cN HunHCp < o0, as well as
Dkgbn — Dl% locally uniform for k£ < 2

e Monotonicity
Ff(x,r,q, X,u,¢) < F(x,s,q, X,u, ) forr <s

Results
Theorem (Domination Principle). Suppose thatfor1 < < &
u; € USCy([0, T]xR?) are viscosity solutions in (0, T) x R? of

o) = F"(x,7,q,u, ) forc; € R

0tui -+ Gl(ta L, Uy, Duiv DQU@? ul(t7 )) <0
that satisfy the polynomial growth conditions

< C(1+ |z
<O+ [P~ + [y~ -y

max; |u;(t, )

max; |u;(0, ) — u;(0,y)

forall t € |0,T], x,y € R% and some C' > 0. If the

operators ((;); satisfy an additional regularity condition for
B1,...,Br > 0 and Zle Biui(0,2) < 0 forall x & RY
then Zi‘{:l Biu(t,z) < 0forall (¢t,z) € (0,T) x R?.
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Corollary (Comparison Principle). Suppose that functions
u¥ € CL(10,T7] X R%) are viscosity solutions in (0,7 x R of

ot + G(t, x,u?, Du?, D%u?, u?(t,-)) =0

with u?(0,-) = ¢ € Cp(Rd) such that

o(x) = ()] < OO+ [P~ + [y~ )|z — y]

forall z,y & R? and some C' > 0. If the operator G satisfies
an additional regularity condition and ¢ < 1), then

u?(t, ) < uw(t, )

forall (t,z) € (0,T) x R Moreover, if G(t, z, -) is superad-
ditive and concave, then ¢ — u* is subadditive and convex.

Examples

Remark (Hamilton-Jacobi-Bellman Equation). A Hamil-
ton—-Jacobi—-Bellman equation i1s a (nonlinear) parabolic nonlocal

equation dyu + G(t, z,u, Du, D?u, u(t,-)) = 0 with
G(ta CC, Tvpv X7 u7 ¢) — infogEA G()é<t7 l’, Tapv X7 U, ¢)
for a family of linear nonlocal operators of the form

G@(T,p, X, ¢) — fCM — L&(Tvva) o IOC(¢)
La(r,p, X) = car + blp + tr (ca0h X)

Zo(o)(t,z) = J[o(t,x + ja(2)) — o[, @)
— Do(t, x)ja(2)1,1<1 | ma(dz),

where the coefficients satisty the following assumptions:

e Boundedness
Supe (| fa(t, ©)| +[calt, )|+ [ba(l, 2)| +|oa(t, x)|) < 00
supg [ 12[*1), <1 + (1 + [2[P) 1), | maldz) < oc

* Tightness

lim,_,osup, f\z\gm 2|2 ma(dz) =0

limp_s~ SUP, fR<\z|[ 1+ [2|P ] ma(dz) =0

e Continuity
SUP |Jal(t, ., 2)=ja(s, y, 2)| < (w(|t — s]) + Clz —yl) |2]

SUPq, |@a(t, ) = Pals, y)| < w(|t —s|) + Clz —y
for¢p € {b,0, f,c}, some C' > 0and w(0+) = w(0) =0

e Growth Condition
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