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Introduction

Characterization of a symmetric Markov process ({X;}¢>0, {Px}xcre) on R?
Self-adjoint operator (Non-positive generator) £
Strong continuous contraction semigroup {P:}:>o0
Dirichlet form (€, D(£)) on L2(RY)

Relations among {X;}, £, {P:}+>0 and (£,D(£))
E(u,v) = (—Lu,v)
P, = exp(tL) (as an operator on L?(R%))
P:f(x) = Ex[f(X)]
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Introduction

Beuling-Deny formula
() = E(uv) + [ | (u) = b)) (v(y) = ). )y

+/Rd u(x)v(x)k(dx)

There are three parts in Dirichlet form (€, D(£))
E¢: Strong local part. Corresponding to diffusion (continuous) part of X;
The second term: Jump part. Corresponding to discontinuous part of X;
The third term: Killing part. Corresponding to killing part of X;

In the sequel, we consider the pure jump Markov process.
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Setting of jump processes

Setting of jump processes

Consider the jump Dirichlet form on L?(R9)

) = [ ) = ) ) = ). y) iy

L J(x f2
=y <7 S Ty mai =y

where J(x,y) is a symmetric function called jump intensity measure.
k1 and Ky are positive constants.
¢ is a positive increasing function.

K
Ix —yl9¢

Let {X:}+>0 be the corresponding Markov process.
(1) If ¢(r) = r for some 0 < o < 2, {X;}>0 is called a-stable-like.

(2) If ¢(r) = r*(1Vexp(n(r —1))) forsome 0 < a < 2and n >0, {X¢}+>0 is
called relativistic a-stable-like

In this talk, we consider these two cases.
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Preceding results

Preceding results -Conservativeness-

Let ¢ be the lifetime of Markov process {X;}¢>o.

Note that J(x, y) is a symmetric function satisfying

sup / (1A x = y[P)J(x, y)dy < 0o
x€ER4

exp(—alx|) € L*(R?) (a>0)

It follows that {X;} is conservative by Masamune-Uemura 2011 and thus ¢ = oo.
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Preceding results

Preceding results -Heat kernel estimates-

Let {P;} be the semigroup associated with the Markov process {X;}.

In both cases, Chen and Kumagai et al proved that the semigroup {P;};~o admits
the jointly continuous transition density function p(t, x, y) (or equivalently, the
fundamental solution of 2¢ = Lu) defined on (0,00) x RY x R?, and it has the
two sided estimates.

Theorem (Chen and Kumagai 2003)
When {X;}:>0 is a-stable-like process, p(t, x, y) satisfies

d t d t
C(tTae AN —) < p(t <Gt N —m———

where C; and G, are positive constants depending on k1, k2, d and «.
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Preceding results

Theorem (Chen, Kim and Kumagai 2011)
When {X;}+>0 is relativistic a-stable-like process, p(t,x, y) satisfies two sided
estimates as follows;

(I)0<t<landO< |x—y|<1

d t d t

a(t = A m) <p(t,x,y) <ot = A Ix _y|d+a)

(2) 1VIx—y| <t

2 2
C. — C —
Gl =) ot x,y) < cot—# exp(— X

72 exp(
3t 2 exp(—
3 p ' '

(3) 1<t< |x—yl
ot ? exp(—cs|x — y|) < p(t,x,y) < ot~ ? exp(—cio|x — y|)
(4) 0<t<land1<|x—y]|
cutexp(—ciz|x — y|) < p(t, x,y) < castexp(—culx — y|)

where ¢;’s are positive constants depending on k1, k2, d,a and n.
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Problem

Summary of preceding results
Both upper and lower bounds of the heat kernel are the same function up to
choice of positive constants.

Problem

Let 1 be a positive Radon smooth measure on RY satisfying Green tightness
(abbreviation by u € Ko : The precise definition will be stated later. ).
Consider the Schrodinger form (i.e. perturbation of Dirichlet form by u)

Su(u,u):é’(u,u)—/ udp

Rd

Denote the corresponding generator by £ and let p#(t, x, y) be the fundamental
solution of equation

@:D‘u

ot
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Problem

What conditions on p are necessary and sufficient for p*(t, x, y) to have the same
estimates as p(t, x, y) does?

We call this phenomenon the stability of fundamental solution.

Remark

We consider the stability for global time.

If (£,D(&)) is associated with the standard Brownian motion, there is a preceding
result as follows:

Theorem (Takeda 2007)
Assume that the Brownian motion is transient and p belongs to the class S (A
precise definition is given later). Then the stability of fundamental solution holds
if and only if u satisfies

inf{€(u,u) | ue D), /Rd wdp=1}>1
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Main result

Main result

Assumption 1
The Dirichlet form (£, D(&)) is transient and thus, we can define the Green kernel

G(x,y) = /Ooop(t,x,y)dt<oo (x#Y)

Moreover, it follows that

//Rded G(x,y)u(dx)u(dy) < oo

Theorem (W. 2012)
Suppose p € Ko and Assumption 1 holds. Then, p#(t,x,y) has the same
two-sided estimates as p(t, x, y) if and only if u satisfies

inf{E(u, u) | u € D(E) / Pdp =1} > 1

JRd
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Preliminaries

Definition of the Kato class measure

Since we assume that {X;} is transient, we can define the Green kernel by

o0
G(x,y) :2/ p(t,x,y)dt < oo.
0
Using G(x, y), we define some classes of positive Radon smooth measure.

Definition
Let u be a positive Radon smooth measure.
w is in Kato class (u € K), if it holds that

lim sup Ga(x,y)u(dy) =0,

ﬁ*}OO XERd Rd

where Gg(x,y) = [~ e Ptp(t, x,y)dt.
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Preliminaries

Definition of Green-tight measure

Definition

(1) p belongs to Ko, if 4 € K and for arbitrary € > 0, there exist positive
constant § > 0 and compact set K such that

sup / G(x,y)u(dy) <e
x€R9 J K<UB

where B is an arbitrary set that satisfies B C K and u(B) < 4.

(2) p belongs to S if u € K and for arbitrary € > 0, there exist positive
constant § > 0 and compact set K such that

G(x,y)Gly,z)
sup —— 27 7 T u(dy) < e
x,z€RY /KCUB G(X7Z) lj’( y)

where B is an arbitrary set that satisfies B C K and p(B) < 4.
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Preliminaries

equivalent definitions for

A} Positive continuous additive functional in Revuz correspondence with p.

fim el | O] = [ g(f(n(a)

where m is the Lebesgue measure on R?, g is a y-excessive function (v > 0) and
f is a bounded measurable function.

Proposition
The following assertions are equivalent each other.

(Drek
; By —

(2) tlgq)xseulngx [A¥]=0

@ limsup [ Gleylu(dy) =0
a0 xeRd [x—y|<a
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Preliminaries

Outline of the proof
(1) & (2): Note that

E. [A¢] 2/0 /de(s,x,y)u(dy)ds

and apply the argument of Kuwae and Takahashi 2006.
(2) & (3): Based on the argument of Zhao 1991, we have only to prove
= inf P, (m(x.r t 1
%0 R e > 0 <

Bo :=supinf sup Py(7p(x,n < t) <1
r>0 t>0X€Rd

)\0 = sup inf sup EDy(-rB(xJ) < OO) < 1’
u>0 r>0x,yERd

where

TB(x,r) ‘= inf{t >0 | Xi ¢ B(X, r)}
Ta(x,r) = inf{t > 0| X; € B(x,r)}.
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Preliminaries

equivalent definitions for K

Proposition
For u € IC, the following assertions are equivalent each other.

(1) For arbitrary € > 0, there exist positive constant § > 0 and compact set K
such that

sup / G(x,y)u(dy) <e
KcuUB

xERY

where B is an arbitrary set that satisfies B C K and u(B) < 4.

(2) For arbitrary € > 0, there exist a positive constant 4 > 0 and a set F of
p-finite measure such that

sup/ G(x,y)u(dy) <e
F<UB

x€Rd

(3) It holds that

lim sup/ G(x,y)u(dy) =0
ly|>r

r—o0 xER
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Preliminaries

The relation between K and S,

Proposition (W. 2012)
It holds that Koo = Seo.

Outline of the proof

In general, it holds that S, C K by Chen and Song 2002.
Thus we have only to prove K, C Soo.

By the argument of 3G-theorem, it is sufficient to prove that

G(x,y)G(y,2)
G(x,z)

for some positive constant Cp.

< CO(G(va) + G(y,Z))

Lemma

(1) Let {X:}+>0 be a-stable-like process. Then there exists a positive constants
Ci, G such that

G < G(x,y) < G

|x —yld=e — ~ x —yld-e
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Preliminaries

(2) Let {X:}+>0 be relativistic a-stable-like process. Then there exists positive
constants C;, G, such that

1 1 1 1
c( )<G , <c( )
N oypa V) S e < Gl Ve

In both cases, there exists a positive decreasing function g : Ry — Ry satisfying

g(r)
g(2r)

for some positive constants C3, C; and

G< <G

Gig(lx —yl) < G(x,y) < Ggl(lx —yl)

Noting that at least either |[x — y| > |x — z|/2 or |y — z| > |x — z|/2 holds, the
above formula is valid.
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perturbation theory

Perturbation theory

In the sequel we consider the Schrodinger form for p € Koo:

Su(u,u):é’(u,u)—/ wdp

Rd
Denote the corresponding semigroup by P. Then it follows that
PLF(x) = Ex[exp(AL)F(X,)]
Note that P! is represented by Feynman-Kac formula with exponential growth.

Proposition(Albeverio Blanchard Ma 1991)
P! admits jointly continuous integral kernel p*(t, x,y) on (0,00) x RY x R9.
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precise proof

Outline of the proof for main theorem -only if part-

Theorem (W. 2012)

Suppose u € Ko and Assumption 1 holds. Then, p#(t, x,y) has the same
two-sided estimates as p(t, x, y) if and only if u satisfies

inf{€(u, u) | ue€ D(E)and / vdp =1} >1

(Outline of the proof)
Since the stability of fundamental solution holds, it follows that

G"(x,y) :=/ p*(t,x,y)dt < oo
0

from the Green kernel estimates.
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precise proof

Proposition (Takeda 2002)
For 1 € S, the following assertions are equivalent.

(1)G*(x,y) < oo forx,y € R withx #y
(2)inf{&(u,u) | u € D(E)and / vdp=1}>1

(3) sup Ex[exp(AL)] < o0
x€ER4

Noting that K, = S, we see that the only if part is valid.

Remark
w is said to satisfy the gaugeability if the third formula holds.
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Outline of the proof for main theorem -if part-

Outline of the proof
Following the arguments of Takeda 2006.

Let h(x) = E,[exp(AL)].

Then the gaugeability implies that 1 < h(x) < G, for some positive constant.
Proposition (Chen-Zhang 2002)

If h(x) = exp(u(x)) for some u € D.(E), there exists an appropriate multiplicative
functional L; such that

Qef(x) := Ex[Lef (X2)]

is strong continuous semigroup on L2(h*m).
Moreover, the associated Dirichlet form (€, D(E)) has a representation

Ewvr) = [ 1) = 0 S () iy
D) = D(&)
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The existence of u € D(£)

Define
Gux) = [ | Glx it
By Stollmann-Voigt 1996, it is known that
[l < 1GulE ) (e D))
Applying this formula, we obtain
/R Jwdue < ((F))Y( /R WPdue)'? < ()| GuellL2E (4, )2

where pr(A) = u(F N A) and F is of finite y-measure.
we is of finite energy integral.
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precise proof

| e < &G, Gue) e (v 0y
1/2
G(x,y)dur(x)d £ 12,
< ([, Gleydur()dst) " e(w.0)

Since we assume [[54. ps G(X,y)p(dx)p(dy) < oo
w is also of finite energy integral and Gu € D(E

Let K = Ey[exp(AL )| M,]  ({M.} : filtration). Noting that

h(X,) = exp(~AL)K, E[/ )dAL] = h(x) — B, [h(X,)]
lim h(X,) = 1

t—00

It follows that

h(x) = 1+ G(hu)(x)
Noting that G(hu) € D.(E), we can define u := log(1 + G(hu)) € D(E)
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precise proof

Calculation of L; based on Chen-Zhang 2002

Since G(hu) € De(E), we can consider the Fukushima's decomposition as follows:
G(hu)(Xe) = G(hp)(Xo) = My + N

where M} is a martingale additive functional and N/ is a continuous additive
functional of zero energy. Note that

h(Xe) = h(Xo) = M + N

We define the martingale

t
1
M :/ ————dM]
C o h(Xso)

and consider the Doléans-Dade formula

S
ZS - ]. +/ thth
0
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precise proof

L; : Unique solution for the previous formula.

Ly = exp(M; — %(Mc)t) [T 1+ aMs)exp(—AMy))

0<s<t
1 h(Xs h(Xs
= exp(M; — §<M >t)0<1_[S<t h((Xs—)) eXp(l a h((Xs—)))

where AMs; = My — M,_.
(MF¢) is the sharp bracket for continuous part of M;.

Applying the Ito formula to the semimartingale h(X;) and log x, we have

_ h(X)
“T (%) ©

xp(AY)
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precise proof

Now we see that L; defines the Girsanov transformation in the sense of
Chen-Zhang 2002 and

Qi () = ExlLf(X0] = B 5 o) (X0)
Ew) = [ 1) = 0 e () ddy
D(€) = D(€)
For appropriate &} and &j,
K %

o —y)) = ey < EEs

Integral kernel for {Q:} : h(x)p*(t,x,y)h(y) with respect to Lebesgue measure
By Chen Kumagai 2003 and Chen, Kim and Kumagai 2011, p*(t,x, y) has the
same two-sided estimates as p(t, x, y).
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